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Abstract

In this paper we extend Chatterjee, Corbae, Nakajima, and Rı́os-Rull (2001) to
include aggregate real shocks to economic activity. The model, that includes agents
that borrow and lend and a competitive credit industry, and that has endogenous
default and credit limits, allows us to explore the extent to which aggregate events are
amplified or smoothed via the mechanism of household bankruptcy filings. In the model
agents are subject to shocks to earnings opportunities, to preferences and to their asset
position and borrow and lend to smooth consumption. On occasion, the realization of
the shocks are bad enough that agents take advantage of the opportunities provided
by the U.S. Bankruptcy Code and file for bankruptcy which wipes out their debt at
the expense of both being banned from borrowing for a certain amount of time and of
incurring in transaction costs. The incentives to default are time varying and depend
on the individual state and general economic conditions.

The model is quantitative in the sense that its fundamental parameters are esti-
mated using U.S. data, and the model can replicate the aggregate conditions of the
U.S. economy. Especially, the model accounts for the very high number of bankruptcies
in the last few years. We report the statistics produced by experiments with model
economies with various aggregate shocks. Based on these experiments, we analyze the
reaction of households to various aggregate real shocks, and the interaction between
households and credit industry, and discuss the aggregate implications of these actions
and the direction that the model might be further extended to.
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1 Introduction

In this paper we study a model economy that is mapped quantitatively to the U.S. economy

where agents file for bankruptcy, and that is subject to aggregate real shocks. We extend the

work of Chatterjee, Corbae, Nakajima, and Rı́os-Rull (2001) (who studied the steady–state

of economies with bankruptcy and where equilibrium interest rates are indexed by a set of

individual characteristics) to study aggregate uncertainty. The aggregate shocks that we

study generate expansions and recessions in a variety of ways: (i) a good realization shifts

the distribution of efficiency units of labor to the right, and a bad realization shifts it to the

left; (ii) shocks increase or decrease the risk–free interest rate, (iii) shocks affect the number

of people that suffer asset destruction, and (iv) a combination of all of the shocks above.

The current piece is part of an ongoing investigation about the role of bankruptcy filings

and general credit disruptions in shaping business cycles. In general the study of these

issues is very hard: it not only includes many agents differing in asset holdings, shocks

and credit ratings, implying that the state of the economy is a probability measure over

these characteristics, but also solving the individual problem requires the forecast of prices

which in turn requires the whole state vector to be part of the individual state. To get

around this problem we follow the approach used in Diaz-Gimenez, Prescott, Fitzgerald,

and Alvarez (1992) that specifies the model in a certain way so that prices are essentially

exogenous, and hence do not depend on the distribution of agents over states. We are able

to do so by (i) assuming a storage technology with exogenous rate of return, and by (ii)

effectively preventing loans to be held at the time of the resolution of aggregate variables.

Only idiosyncratic shocks are realized while loans are outstanding, which guarantees that

the law of large numbers applies and that firms’ profits coincide with the expected profits

(which is zero) in all states of nature guaranteeing that prices can be forecast based solely

on aggregate exogenous variables.

While the timing that we choose guarantees that the distribution of agents does not

affect prices and hence that the model can be solved with relative ease,1 it also takes away

part of the properties that we are interested in, that is, the possible transmission throughout

the economy of credit crunches as surprise increases in default will in turn induce more

1The estimation stage of the model still requires us to use a Beowulf cluster.

2



defaults. To address this issue, a different approach is needed, summarizing the distribution

of household types by some of its statistics as in Krusell and Smith (1998), and especially

Krusell and Smith (1997) (this is the subject of our research agenda starting with Nakajima

and Rı́os-Rull (2002)).

We estimate the fundamental parameters of the model using U.S. data so that the model

can replicate the aggregate conditions of the U.S. economy. Especially, the model accounts

for the very high number of bankruptcies in the last few years. Using the calibrated model,

we analyze the interaction between various aggregate real shocks and household behavior on

bankruptcy filings.

Section 2 lays out the model. Section 3 specifies a parameterization of the model that

has a steady state that can be mapped to the U.S. data. Section 4 discusses the experiments

that we run. They involve different specifications of what business cycles are but they are

all chosen to generate aggregate business cycles statistics like those in the data. Section 5

describes the business cycle properties of the baseline model economy while Section 6 studies

those properties in the rest of the model economies that we are interested in. Section 7

concludes.

2 The Model Economy

The model is a version with aggregate shocks of Chatterjee, Corbae, Nakajima, and Rı́os-Rull

(2001). In the model, agents are subject to idiosyncratic and aggregate shocks, that affect

their assessment of consumption and their availability of resources. There are no markets to

insure against these contingencies. Moreover, the market structure resembles that of the U.S.

where households can borrow and save. They save according to a given storage technology or

world interest rate, while they can borrow at market interest rates that reflect the fact that

households can file for bankruptcy which condones their debts. This option, that households

may use unilaterally, inflicts on them minimal transaction costs and prevents them from

having access to future credit for a certain number of years. Aggregate shocks affect the

properties of the idiosyncratic earnings shocks.

As we stated above in this project we specify the aggregate shocks in a way that they do

not generate uncertainty in the realized profits of firms, ensuring that prices of loans, while
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Figure 1: Timing of Events within a Period.

depending on both the aggregate shocks and the specific circumstances of the borrower, do

not depend on the whole distribution of agents. We achieve this by posing a particular timing

in the model so aggregate uncertainty does not affect the default decisions of households.

Only idiosyncratic shocks occur while agents hold loans but the rate of return of these loans

is perfectly forecastable. We now proceed to describe the timing of the model.

2.1 The Timing

At the beginning of each period, the economy is in an aggregate exogenous state z ∈ Z

that follows a Markov process with transition Πz,z′ , (we use the standard notation of using

z, z′ to refer to the current and the following periods’ value of the variable). Individual

households are characterized by a vector of exogenous stochastic characteristics which take

only finitely many values, and by a value of earnings. These characteristics include a shock

that governs the evolution of earnings ε ∈ {ε1, · · · , εnε} = E , a shock that affects the

utility of consumption that we denote θ ∈ {θ1, · · · , θnθ
} = Θ, and a shock that affects asset

destruction λ ∈ {λ1, · · · , λnλ
} = Λ. The shock that affects earnings ε, has the property

that affects the probability distribution from where households draw their actual earnings.

Earnings e has a continuous domain, i.e., 0 < e ∈ [e, ē] = E and has a continuous c.d.f.

given by F (e, ε, z), where ε and z are affecting the actual probability that earnings are less

or equal to e. We denote the vector of individual shocks by s = {ε, θ, λ, e} ∈ S. The timing

of the realizations of the shocks is given by Figure 1, which also includes the timing of the

decisions that households make.

The individual shocks {ε, θ, λ} follow Markov processes that are also conditional on the
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aggregate state. In this fashion, we write the transition matrices of the Markov processes as

πθ
θ′|z,θ,z′ , πε

ε′|z,ε,z′ , and πλ
λ′|z,λ,z′ . We write the joint Markov chain that yields the evolution of

the individual state variables by πs′|z,s,z′ , although they are not updated simultaneously. We

denote the joint transition matrix of individual and aggregate shocks by Γz,s,z′s′ . Note that

we allow the individual transitions to depend on the aggregate shocks of two consecutive

periods. This is to give ourselves the possibility of having the aggregate measure of people

to depend only on the aggregate shock and not on the whole history (see Castañeda, Dı́az-

Giménez, and Rı́os-Rull (1998) for details).

We also use the notation s̃ = {ε′, θ′, λ} to denote the individual state at the time of the

saving and borrowing decision, excluding current earnings e (note that e carries no predictive

power over tomorrow’s earnings, which only depend on z′ and ε′), and having the value of

the shock to asset holdings, λ, at its previous period value. Associated to this notation we

have Γ̃z,s,z′,s̃.

A crucial step in the development of the model is the identification of which variables

index prices. We proceed by guessing which are those variables and then establishing that

indeed these variables are sufficient to characterize prices.

2.2 The Default Option and Market Arrangement

We model the default option to be like a filing for bankruptcy under the U.S. Bankruptcy

Code. Let h ∈ {0, 1} denote the “bankruptcy flag” for a household, where h = 1 indicates

a record of a bankruptcy filing in the household’s credit history and h = 0 denotes the

absence of any such record. We can interpret h as the household’s credit rating, that is

either good (h = 0, not having filed for bankruptcy recently) or bad (h = 1, having filed

for bankruptcy recently and U.S. law allowing this information to be public). Consider a

household that starts the current period with a good credit rating and some unsecured debt.

If the household files for bankruptcy (and we permit a household to do so irrespective of its

current income or past consumption level), the following things happen:

1. The household’s liabilities are set to zero (i.e. its debts are discharged) and the house-

hold is not permitted to save in the current period. The latter assumption is a simple

way to recognize that a household’s attempt to accumulate assets during the filing
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period will result in those assets being seized by creditors.

2. The household begins next period with bad credit rating (i.e., h′ = 1).

3. A household whose beginning of period credit rating is bad (i.e., h = 1) cannot get

any new loans.2 Also, a household with a bad credit rating experiences a loss equal to

a fraction 0 < γ < 1 of earnings, a loss intended to capture the pecuniary costs of a

bad credit rating.

4. A household with a bad credit rating will keep its bad credit rating in the following

period with exogenous positive probability η, and will recover a good credit rating with

probability (1 − η). This is a simple, albeit idealized, way of modelling the fact that

a bankruptcy flag remains on an individual’s credit history for only a finite number of

years.

The addition of the default option implies that profit maximizing lenders take into con-

sideration the probabilities of default of the borrowers. Different types of borrowers have

different default probabilities which will imply that the loans are indexed by whatever char-

acteristics of the borrower may affect those probabilities.

We restrict household to choose from a menu of loans, that we model as a single one–

period pure discount bond with a face value in a finite set L− that has only elements with

negative values.3 A purchase of a discount bond with a negative face value `′ means that

the household has entered into a contract where it promises to deliver, conditional on not

2This feature requires some discussion. Filing for bankruptcy implies giving up the right to file again

for seven years. Then, why does a bad credit rating imply that households cannot borrow anymore? We

can rationalize the inability to borrow in two ways. One is by modelling the environment as a game and

showing that there exists an equilibrium with the characteristic that nobody borrows or lend. This type of

equilibrium arises because such a game is a coordination game. The other rationalization, that we prefer,

is via regulation. Public overseers of private lenders do not approve of having loans to people with a bad

credit rating. This is just a matter of policy. Note also that private lenders, once they have outstanding

loans want this regulation in place because it gives a rationale for borrowers to try to avoid defaulting by

imposing a penalty when they do so.
3The finiteness of the the set of possible loans is done just to have a finite set of prices which simplifies

the analysis. Quantitatively, this poses no real restrictions since the step between consecutive loan sizes can

be made arbitrarily small.
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declaring bankruptcy, −`′ > 0 units of the consumption good next period; if it declares

bankruptcy, the household delivers nothing.

We conjecture that the price of a loan of size `′, which is the per unit amount of goods

that a type s̃ in aggregate state z′ gets in exchange of a liability next period of size `′, is only

a function of these variables and not of any distributional variable or of any time subscript.

We denote such a price by qz′,s̃,`′ ≥ 0. Note that the borrower has a commitment, contingent

on not filing for bankruptcy, to repay `′ next period.

The household can also save in which case it commands an interest rate q̂z′ . Note that

the exogenous aggregate state that affects the interest rates on savings do so only in a

predetermined way. In other words, the interest rate commanded is known at the time of

the savings.

Households can save or borrow any amount that they want, but there are endogenously

determined upper and lower bounds to their asset holdings. We assume this for now and

discuss its verification later. The set of possible asset holdings for the household is L =

L− ∪ L+. L+ contains finite number of positive values, where 0 is the smallest element

and `max is the non binding upper bound. The smallest element of L is `min < 0. We

also denote the entire set of prices by q ∈ IRN
+ , where N = NZ × NS̃ × NL, and where

NZ , NS̃ and NL, refer respectively to the cardinality of the sets Z, S̃ (nε + nθ + nλ) and

L. In this compact notation we include both the interest rates for borrowers (that depend

on {z′, s̃, `′}) and for lenders (notice that interest rates for the lenders only depend on z′).

Prices are bounded below by 0 (nobody will acquire a liability in exchange of nothing) and

above by q̂z′ the state–dependent risk–free rates of return. We denote the set of possible

prices by Q = {q ∈ IRN : 0 ≤ qz′,s̃,`′ ≤ q̂z′}.

2.3 Households

The preferences of a household are given by the expected value of a discounted sum of

instantaneous utility functions:

E0

{ ∞∑
t=0

βt u (ct, θt)

}
(1)

where 0 < β < 1 is the discount factor, u : IR+ → IR is a continuous, strictly increasing

and strictly concave function, ct is consumption in period t, and θt is the realization of an
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idiosyncratic shock that affects marginal utilities of the current period. To be consistent

with our description of the timing of events in Figure 1, θt corresponds to θ′.

We look at the household decision in two stages. In the first stage the household decides

whether to default (if such a choice is an option) and in the second stage the household

chooses how much to borrow or save. In the second stage, the household is in one of the four

situations: (i) having a good credit rating (h = 0) and not having defaulted in this period

(d = 0), (ii) having a good credit rating (h = 0) and having defaulted in this period (d = 1),

(iii) having a bad credit rating (h = 1) and not recovering its credit rating (d = 1), and (iv)

having a bad credit rating (h = 1) but recovering its credit rating (d = 0).4

The household’s characteristics at the time of the savings decision are {s̃, e, `, h, d}, which

are the exogenous shocks and earnings, the asset position, the credit history and the change

of the credit status in the current period. The budget set of the household is affected by

these characteristics plus the aggregate exogenous state and the loan prices, and we denote

it by B(z′, s̃, e, `, h, d, q). The budget set takes the following form:

1. If the household has a good credit rating (h = 0), and has chosen not to default (d = 0)

then

B(z′, s̃, e, `, 0, 0, q) = {c ∈ IR+, `′ ∈ L : c + qz′,s̃,`′ `′ ≤ e + `− λ}. (2)

This is the standard case where the household chooses how much to consume and how

much to save given that its resources are its inherited assets and its current earnings.

Note that on occasion the budget set may be empty, which requires that a combination

of bad things having happened to some extent (the household was deep in debt, earnings

were low, new loans are expensive, there is a large asset destruction).

2. If the household had debt and (hence a good credit history) and did choose to default

(d = 1) then

B(z′, s̃, e, `, 0, 1, q) = {c ∈ IR+, `′ = 0 : c ≤ (1− γ)e}. (3)

4Note that d is a choice variable for households with a good credit rating (h = 0) but is a stochastic

variable for households with a bad credit rating (h = 1).
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In this case, inherited debts (including assets destroyed) did disappear from the budget

constraint, saving is not possible, and transaction cost associated with a bad credit

history is incurred.

3. If the household had a bad credit rating (h = 1) (it did not have an option to default)

and its credit rating did not improve (d = 1) then

B(z′, s̃, `, 1, 1, e, q) = {c ∈ IR+, `′ ≥ 0 : c+ qz′,s̃,`′`
′ ≤ (1− γ)e+max{`−λ, 0}}. (4)

With a sustained bad credit rating, the household cannot borrow, and is subject to

transaction costs, and to some assets destruction.5

4. If the household had a bad credit rating (h = 1) (it did not have an option to default)

and its credit rating improved (d = 0) then the budget constraint is the same as the

case 1

B(z′, s̃, e, `, 1, 0, q) = {c ∈ IR+, `′ ∈ L : c + qz′,s̃,`′ `′ ≤ e + `− λ}. (5)

Before we turn to analyze the decision process, it is convenient to describe the situation of

the household on the eve of a period, after consumption and saving (or borrowing) have taken

place but before the new shocks are realized (those that determine earnings level and asset

destruction). The individual state is {z′, s̃, `′, h′}, where h′ = d. We now define the value

of this state for a household by means of function w(z′, s̃, `′, h′; q) : Q → IR that assigns

a utility value, given prices q. We obtain function w as the unknown in a Bellman–type

functional equation that we describe avoiding most technicalities.6

We start defining an operator that yields the maximum life–time utility achievable when

the household’s current earnings draw is e and its future life–time utility is assessed according

to a given function w(z′, s̃, `′, h′; q). Define T1(w)(z, s, `, h; q) as follows:

1. For (` − λ) < 0, h = 0, and B(z′, s̃, e, `, 0, 0, q) = ∅ for some {z′, s̃} consistent with

5Note that we are assuming that asset destruction cannot result in households with bad credit histories

getting indebted. This assumption excludes the situation where a household that is unable to default is

borrowing.
6For details see Chatterjee, Corbae, Nakajima, and Rı́os-Rull (2001).
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{z, s}:

T1(w)(z, s, `, 0, q) =
∑

z′,s̃

Γ̃z,s,z′,s̃ {u(e, s̃) + β w(z′, s̃, 0, 1; q)} . (6)

2. For (`− λ) < 0, h = 0, and B(z′, s̃, `, 0, 0, q) 6= ∅ for all {z′, s̃} consistent with {z, s}:

T1(w)(z, s, `, 0, q) = max

{∑

z′,s̃

Γ̃z,s,z′,s̃ {u(e, s̃) + βw(z′, s̃, 0, 1; q)} ,

∑

z′,s̃

Γ̃z,s,z′,s̃

{
max

c,`′∈B(z′,s̃,e,`,0,0,q)
u(c, s̃) + βw(z′, s̃, `′, 0; q)

}}
(7)

3. For (`− λ) ≥ 0, h = 0:

T1(w)(z, s, `, 0, q) =
∑

z′,s̃

Γ̃z,s,z′,s̃

{
max

c,`′∈B(z′,s̃,e,`,0,0,q)
u(c, s̃) + βw(z′, s̃, `′, 0; q)

}
(8)

4. For (`− λ) ≥ 0, h = 1:

T1(w)(z, s, `, 1, q) = η

{∑

z′,s̃

Γ̃z,s,z′,s̃

{
max

c,`′∈B(z,s̃,e,`,1,1,q)
u(c, s̃) + βw(z′, s̃, `′, 1; q)

}}
+

(1− η)

{∑

z′,s̃

Γ̃z,s,z,s̃

{
max

c,`′∈B(z,s̃,e,`,1,0,q)
u(c, s̃) + βw(z′, s̃, `′, 0; q)

}}
. (9)

The first part of this definition says that if the household has debt and the budget set

conditional on not defaulting may be empty, then the household must default. In this case,

the expected life–time utility of the household is simply the sum of the utility from consuming

the current endowment and the discounted expected utility of starting next period with no

assets and a bad credit rating. The second part says that if the household has debt and

the budget set conditional on not defaulting is not empty, the household chooses whichever

default option yields higher life–time utility. In the case where both options yield the same

utility the household may choose either. The distinction between default under part 1 and

default under part 2 is the distinction between “involuntary” and “voluntary” default. In

the first case, default is the only option while in the second case it’s the best option. The last

two parts apply when the household has no debt (so default is not an option) but distinguish

between a good and bad credit rating. Notice that when the household’s credit rating is bad,
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there is some probability η that it will continue in that state in the following period. This

way of writing the problem is convenient also from the point of view of describing what is

known at the time of each decision.

Note that the image of w under T1 has current earnings as an argument so it is not the

same class of function as w. We denote such an image by v(z, s, `, h, q; w). To obtain an

updated function w from function v we have to integrate both over earnings with respect

to c.d.f. F (e′, ε′, z′) and with respect to λ′ , using transition function πλ
λ′|z,λ,z′ . Chatterjee,

Corbae, Nakajima, and Rı́os-Rull (2001) shows that an operator constructed this way is well

defined and that it is a contraction. This finding allows us to solve the household problem

given prices by successive approximations.

2.4 Unsecured Credit Industry and Equilibrium

The competitive firms serving the consumer credit industry have access to a credit market in

which they can borrow or lend as much as needed at a risk–free rate q̂z′ . In this environment,

firms in the consumer credit industry lend to households at the rate that will yield zero profits

and this is no other than the risk–free rate times the probability that the household does not

default. Let pz′,s̃,`′(q) be the probability of default for a household with current shock s̃ in

aggregate state z′ that borrows (or lends) `′, when the set of prices of loans is q = {qz′,s̃,`′}.
Then, a competitive equilibrium is defined as follows:

Definition 1. A competitive equilibrium is a set of prices q∗ = {q∗z′,s̃,`′} such that when

agents optimize taking q∗ as given, the probability of default pz′,s̃,`′(q
∗) satisfies

q∗z′,s̃,`′ = [1− pz′,s̃,`′(q
∗)] q̂z′ , ∀ z′, s̃, `′. (10)

Chatterjee, Corbae, Nakajima, and Rı́os-Rull (2001) shows that equilibria for economies

like these exist. A version of their characterization of equilibria for this economy indicates

that in any competitive equilibrium: (i) q∗z′,s̃,`′ = q̂z′ for `′ ≥ 0, (ii) if the grid for L is

sufficiently fine, for all z′, there exists s̃, and `0 < 0 such that q∗z′,s̃,`0 = q̂z′ , (iii) q∗z′,s̃,`1 ≥ q∗z′,s̃,`2

for 0 > `1 > `2; and (iv) q∗`z′,s̃,`min
= 0.7 The first property says that interest rate applied to

saving is the risk–free rate, because the consumer credit industry is competitive. The second

7While stating the properties of equilibria we abstract from assets destruction. To account for them is

trivial but tedious except for the case where the mass of agents hit by these shocks varies.
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property says that if the grid is taken to be fine enough, there is always a level of debt for

which it is never optimal for households to default. As a result, competition leads firms to

charge the risk free rate on these loans as well. The third property says that the price on

loans falls with the size of loans, i.e., the implied interest rate on loans rises with the size

of the loan. The fourth property says that the prices on loans eventually become zero; in

particular, the price on a loan of size `min is always zero in every equilibrium, if we set `min

sufficiently small.

Now we are ready to discuss the assumption that there exist endogenous lower and upper

bound of asset holdings. The existence of the lower bound is guaranteed by the third and

the fourth properties above. Since households will never borrow up to the amount where

the price of loans is zero (because households do not gain anything by borrowing up to that

amount), the debt level where the price of loan is zero works as a lower bound of asset

holdings. The upper bound in assets has a different origin. In models with precautionary

savings (and our model is one of them) the existence of an upper bound of asset holdings is

implied by the fact that the interest rate is too low in all possible states relative to the rate

of time preference. As households increase their wealth, eventually the role of earnings in

their income gets arbitrarily small, while this is not the case for the sacrifice that agents have

to do to keep saving, and this guarantees the existence of such an upper bound of assets.

See (Huggett (1993) or Aiyagari (1994) for details).

As we assumed above, prices do not depend on either time or on the distribution of

agents: no aggregate uncertainty is revealed in between the instant that loans are issued

and the instant in which default is chosen. This means that probabilities of default are not

random variables, and that expected profits of firms (zero) coincide with realized profits.

Note also that the rates of return of the storage technology are determined exogenously and

that are not affected by the distribution of agents, and that probabilities of default only

depend on individual variables. This feature also guarantees that prices do not depend on

time.

3 Calibration

We now turn to mapping the model into U.S. data. To do so properly we have to extend the

model in two dimensions: the inclusion of depreciation (which only affects accounting) and
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the explicit consideration of demographics. The latter is more involved and is required to

generate large number of agents with low assets.8 We describe those extensions in Section 3.1.

Section 3.2 maps the statistics of a version of the model without aggregate shocks to the

U.S. economy and discusses the extent to which the model achieves those targets. Section 4

describes the set of economies with aggregate shocks that we explore.

The actual process by which we map the model to data consists in specifying a set of

functional forms and parameter values for which we solve the problem of the agents obtaining

decision rules that depend only on exogenous shocks and individual state variables. Then we

construct a Markov process with the decision rules and the process for the shocks. We then

simulate a large number of individual households histories (up to 1,000,000 to avoid sampling

error), that we aggregate to get the whole economy from which we compute statistics. We

then compare these statistics to those of the U.S. economy (see Rı́os-Rull (1998) for details).

3.1 Model Extensions for Calibrating Purposes

We extend the model in two ways that are mostly cosmetic. The first extension is to introduce

the depreciation of capital stock. This addition just changes the accounting of the output

of the model. It helps to have the appropriate share of consumption and investment out of

production.

The second extension is to include population turnover. In this version, households face a

constant probability of dying which generates a constant outflow of households of each type.

This is matched by an equal measure of households born every period with zero assets and a

good credit history. The initial values of the initial idiosyncratic shocks of the newborns are

the same as those of the respective stationary probability distributions. The key difference

introduced by this feature of the model is that there are now many agents with low level of

wealth, while in a version of the model without population turnover agents have for the most

part have large amounts of assets for self insurance purposes. A large number of households

with low wealth implies that some of them will be willing to borrow and then default despite

the costly events triggered by these actions.

8Again, see details in Chatterjee, Corbae, Nakajima, and Rı́os-Rull (2001).
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3.2 Calibrating the Deterministic Version of the Model to U.S. Data

We now turn to the map between the model and the data. We start describing our targets

and their values in the data, and then we describe the extent to which the model matches

them and how it does it.

3.2.1 The Targets from the Data

The set of statistics that we choose as targets is depicted in the first column of Table 1.

The second column depicts the long–run averages of these statistics in the U.S. economy.

We divide the statistics into four groups. The first group contains the standard aggregate

statistics such as wealth to output ratio, consumption and investment shares of output, labor

and capital shares of incomes. Those statistics are based on the standard interpretations of

NIPA. The risk–free rate of return is chosen to match the average interest rate applied to

the checking account of commercial banks, because it is the risk–free interest rate for the

majority of people that might file bankruptcy.

The second group contains distributional statistics of earnings. We pick up four targets

related to earnings because we want the earnings process to produce the earnings distribution

which is similar to that of U.S. In order to achieve these criteria, we employ the earnings

process with five parameters.

The third group of statistics contains the distributional targets except earnings. It in-

cludes the demographic turnover rate and statistics on the distribution of income and wealth.

Demographic turnover rate is set to 2.5%. This implies that the average length of adult life is

40 years, as a compromise for an economy without population growth. We use Gini indexes

of income and wealth as statistics representing the distribution.

The fourth group of statistics are default related. According to the U.S. Administrative

of the Courts, the proportion of households who filed consumer bankruptcy to the total

number of households is around 1.3% in recent years. Among them, Chapter 7 bankruptcy,

which the model is intended to capture, makes up more than 70%.9 Therefore we decided to

use 1.0% as our targets of the proportion of households declaring bankruptcy. The average

9For more detailed description of U.S. Bankruptcy Law and data on bankruptcies, see Chatterjee, Corbae,

Nakajima, and Rı́os-Rull (2001).
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Table 1: Statistics of the Deterministic Economy.

Statistic Target Model

Basic Aggregate Targets

Wealth to Output Ratio 3.32 3.36

Labor Share 0.64 0.63

Risk–Free Rate of Return 0.5% 0.5%

Earnings Distribution Related Targets

Earnings Gini 0.61 0.61

Bottom 40% Earnings 3.8% 7.6%

4th Quintiles Earnings 22.9 % 19.4%

Top Quintiles Earnings 60.2 % 63.5%

Other Distributional Targets

Population Turnover Rate 2.5% 2.5%

Income Gini 0.55 0.56

Wealth Gini 0.80 0.79

Default Related Targets

Households filing Bankruptcy 1.0% 1.0%

Average Length of Punishment 10 years 10 years

Households with Negative Assets 9.9% 10.0%

The source for the distributional data is Budŕıa, Dı́az-Gimenez, Quadrini, and Rı́os-Rull (2001).

15



length of punishment is chosen to be 10 years because the U.S. Bankruptcy Code states this

as the length of time for which having filed for bankruptcy stays in the credit rating. In the

model we report the average length of bad credit rating spells.

3.2.2 The Targets in the Model

To get the model economy to achieve these targets, we essentially follow the procedures

described in Chatterjee, Corbae, Nakajima, and Rı́os-Rull (2001), adjusted to the fact that

this model economy does not exclude any subset of the population. There are four types of

individual shocks to be specified, namely the shock governing the earnings process (ε), the

earnings shock (e), the preference shock (θ), and the asset destruction shock (λ). We choose

earnings to be i.i.d. (meaning that the shock ε is irrelevant) with the shape given by Figure

2. This is a four parameter distribution. In addition there are two more parameters, the

upper and lower bounds for earnings. Of these two, one should not matter as the model in

unit independent. This gives a total of five parameters for the distribution of earnings.

1.0

0.0

parameter(1)
= curvature

parameter(2)

parameter(3) parameter(4) 1.0

Figure 2: Nature of the Earnings Process.

As for the preference shock, we assume that it is i.i.d., so it is characterized by two

parameters (magnitude and probability of the bad shock). To calibrate our baseline model we

abstract from the asset destruction shock. We will evaluate the effect of the asset destruction
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shock later.

In total, there are 14 parameters that have to be pinned down. They are: (i) five parame-

ters characterizing earnings process, (ii) two parameters characterizing the preference shock

process (magnitude and probability of the bad shock), (iii) two preference parameters (time

discount factor and degree of risk aversion10), (iv) two parameters specifying bankruptcy law

(average length of punishment and the cost for having a bad credit history), (v) one demo-

graphic transition parameter (population turnover rate), and (vi) two parameters specifying

technology (risk–free interest rate and depreciation rate). As there are 13 target statistics

in Table 1, we set the degree of risk aversion and fix its value to 2.0 to have 13 parameters,

and check the robustness of our results to a change in the value of risk aversion parameter

later.

The last column of Table 1 shows the values of target statistics in the steady state

version (i.e., without aggregate shocks) of the model economy. Comparison between the

last two columns gives us a sense of the fit of the model to data. It’s immediate to see

that the statistics of the model economy match their counterparts of the U.S. economy

surprisingly well. Especially, the model is successful in replicating the very high number of

bankruptcies that is observed in recent years and large number of households in debt. It is a

very hard task to have high amount of saving (capital–output ratio is 3.3), large number of

households in debt (around 10% of total number of households), and high number of defaults

simultaneously, even though we add a demographic turnover. As Castañeda, Dı́az-Giménez,

and Rı́os-Rull (2002) shows, simple models with agents differing only in the realizations of

uninsurable shocks to earnings have a hard time matching U.S. wealth distribution. They

also show that large wealth dispersion is achieved by posing very skewed earnings and by

modelling households not as purely life–cycle agents but as members of a dynasty. We

basically follow their strategy in finding the set of parameters which yields statistics that

are closest to data. It is well worth mentioning that the inequality of earnings, income, and

wealth in terms of Gini index in the model is very similar to data. Income is less concentrated

than earnings, while wealth is more concentrated than earnings both in model and in data.

10We use the standard CRRA period utility function.
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4 Model Economies with Aggregate Shocks

We now turn to explore the business cycle behavior of the stochastic model economies. There

are various ways of introducing business cycles via aggregate shocks and we explore many of

them. We start by looking at an economy where the business cycle variation affects only the

level of earnings, which we denote the baseline model economy. In the economy, earnings of

all households are uniformly higher in an expansion than in a recession. At the same time,

we keep the long–run average of aggregate earnings at the same level as in the deterministic

economy. We do so by multiplying earnings of all the households by a number which is a

function of the aggregate state of the economy. We use two aggregate states which is the

simplest way to represent expansions and recessions. This implies that we need to pin down

three parameters: one for the amplitude of the aggregate shock and two for its persistence.

We set the following three targets to calibrate this economy: (i) the volatility of this economy

is like that of the U.S. economy measured in terms of the standard deviations of the logs of

HP residuals with parameter 100, (ii) the average duration of recessions is two years, (iii) the

average duration of expansions is 10 years. This is in a sense a modelization of the business

cycle that completely ignores one of its important properties: that not all households fare

the same way in recessions and in expansions. Section 5 reports and discusses the properties

of the baseline model economy. We then explore the business cycle behavior of other model

economies that have different mechanisms to generates fluctuations in economic activity.

Especially, our emphasis is in to what extent these model economies can fix the defects of

the baseline economy.

These other experiments that we run in addition to those of the baseline model are:

(ii) an economy with small interest rate shocks, (iii) an economy with large interest rate

shocks, (iv) an economy with small asset destruction shock, (v) an economy with large asset

destruction shock, and (vi) an economy with all the above (small) shocks. We also explore

the properties of (vii) an economy with symmetric i.i.d. aggregate shocks, and (viii), an

economy with smaller risk aversion.

The first economy we explore, economy (ii) has interest rate shocks. We want to know

how the economy responds to interest rate hikes and we want to see if in any way they tend

to reduce economic activity (which here is savings). This economy is like the baseline but

with the additional feature of interest rate fluctuations: its risk–free interest rates are 0.75%
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in expansions and 0.25% in recessions, making interest rates procyclical.11 We retain the

same transition matrix of the aggregate shocks as the baseline. Still we have to specify the

magnitude of the variations in earnings. We adjust it so that the implied volatility of output

is the same as in the baseline model economy.

The next economy, economy (iii), is identical to economy (ii) except that the values for

interest rates: its interest rates are 1.0% in expansions and 0.0% in recessions. All the other

features are the same as the economy (ii), implying that in the economy (ii) earnings are

less volatile than in the baseline but more volatile than in the economy (iii).

Next, in economy (iv) we add to the baseline an asset destruction shock to some house-

holds, of the magnitude of 100% of mean earnings with i.i.d. probability of 0.1% in expansions

and 1.0% in recessions. Economy (v) pumps up these shocks to be 300% of mean earnings.

Again, we retain the transition matrix of the earning level shock in the baseline model and

adjust the magnitude of the shock in order to match the volatility of the output. We do this

because we interpret these shocks as business losses not as natural disasters.

Economy (vi) has both small interest rate shocks and small asset destruction shocks as

above. Again, we adjust the magnitude of earnings shock to match the volatility of output.

Economies (vii) and (viii) are used to check the robustness of our results from the baseline

model economy. The economy (vii) is used to show an importance of our assumption on

the persistence of expansions and recessions for our main results. Outputs from economy

(viii) tell how robust the properties of the baseline model are to a change of risk aversion

parameter, which we set to 2.0 in our baseline economy.

In the economy (vii), the aggregate shock is set to i.i.d. The three parameters that

govern the aggregate shocks are set by letting Γzz′ = 0.5, for all z and all z′ and we choose

the difference between the two values of z so as to set the volatility of output equal to that

in the data, keeping the mean earnings at the same level as the baseline economy.

Finally, economy (viii) is like the baseline but its risk aversion parameter is set to 1.2

(almost log) instead of the value of 2.0 used in all the other experiments. Again we adjust

the magnitude of the earnings shocks so that the mean and the volatility of earnings are at

11The correlation between HP–filtered output and the one month Treasury bill rate is 0.40 according to

Cooley and Hansen (1995).
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Table 2: US Economy: Deviation from Trend, 1948-1986.

Rel to Cross–correlations of output with

Variable SD% SD% Y x(−2) x(−1) x x(+1) x(+2)

Output 2.63 1.00 0.02 0.56 1.00 0.56 0.02

Consumption 1.27 0.48 -0.16 0.39 0.78 0.53 -0.19

Investment 7.86 2.98 0.07 0.48 0.70 -0.01 -0.33

Labor Share 0.66 0.25 -0.42 -0.41 -0.10 0.39 0.30

Source: Castañeda, Dı́az-Giménez, and Rı́os-Rull (1998).

the same level as in the baseline economy.

5 The Business Cycle Behavior of the Basic Model Economy: Aggre-

gate Shocks to the Level of Earnings

5.1 Business Cycle Statistics

Before describing the properties of the model economies, Table 2 shows the properties of the

aggregate fluctuations at the yearly frequency in the U.S. economy. These properties are

well known and need not be repeated here.12 We now describe the business cycle properties

of the basic model with the business cycle affecting earnings of all households in the same

proportion.

Table 3 reports the main statistics regarding the volatility of the baseline model economy.

This table shows the value of the statistics and the standard deviations of those statistics

(in parenthesis) over nine samples. Each sample has the length of 200 periods (after the

first 100 periods are dropped).13 We see that, in this model economy, some of the standard

12Both the data and the series from the various model economies have been detrended using the HP filter

with parameter 100.
13We choose this large length instead of the 40 periods or so of available data because we are exploiting

the behavior of the model economies and we do not want a lot of sampling error. This makes the model and

the data not strictly comparable.
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features of real business cycle model remain the same, while others are somehow different.

Our summary of the findings on basic aggregate statistics of the baseline model economy is

as follows:

1. Investment is very volatile, more so than output. Consumption is not very volatile,

less than output. Both are strongly procyclical. These properties are common to most

real business cycle models and to the data.

2. The volatility of consumption is substantially smaller than in the data.

3. Both the correlation between output and consumption and that between output and

investment are close to one in the model, that are higher than in data.

4. Earnings are quite volatile, as they are the main engine of business cycles.

5. Capital income is surprisingly volatile given that interest rates are constant. This is

entirely due to the high volatility of the aggregate level of asset holdings.

6. Labor share is quite volatile, more so than in the data. It is strongly procyclical, while

it is slightly countercyclical in data. This is an artifact of the definition of the cycle

based on earnings variations while rates of return are constant.

Table 3 also reports the business cycle properties of the bankruptcy related statistics.

Although these statistics do not have their U.S. economy counterpart because of the avail-

ability of data, nor are there outputs from other models to compare with, the output can

tell us the mechanism of the model and suggest the direction to which the model should be

extended. We list up the findings below and discuss them in the next section.

1. The volatility of the number of defaulters is very small. The standard deviation of the

proportion of households declaring bankruptcy is only 4% of the standard deviation of

output. The corresponding ratio for the proportion of delinquent households is 5%.

2. The number of defaulting and delinquent households is procyclical. It is a counterin-

tuitive result.
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Table 3: Cyclical Behavior of the Baseline Model.

Rel to Auto- Cross-correlations of output with

Variable SD% SD% Y corr x(−2) x(−1) x x(+1) x(+2)

Output 2.67 1.00 0.24 -0.12 0.24 1.00 0.24 -0.12

(0.34) (0.07) (0.07) (0.07) (0.00) (0.07) (0.07)

Consumption 0.76 0.29 0.64 -0.16 0.49 0.87 0.41 0.07

(0.08) (0.04) (0.06) (0.02) (0.01) (0.07) (0.09)

Investment 6.64 2.49 0.13 -0.10 0.17 0.99 0.19 -0.15

(0.86) (0.07) (0.07) (0.07) (0.00) (0.06) (0.06)

Asset Holding 1.33 0.50 0.40 -0.25 -0.44 -0.68 0.30 0.58

(0.18) (0.07) (0.09) (0.05) (0.04) (0.03) (0.03)

Earnings 4.40 1.65 0.21 -0.07 0.27 1.00 0.17 -0.18

(0.54) (0.07) (0.07) (0.07) (0.00) (0.06) (0.06)

Capital Income 0.79 0.30 0.64 -0.41 -0.44 -0.26 0.56 0.65

(0.10) (0.05) (0.06) (0.04) (0.04) (0.01) (0.03)

Labor Share 1.11 0.42 0.21 0.00 0.33 0.97 0.06 -0.28

(0.14) (0.07) (0.08) (0.07) (0.01) (0.06) (0.04)

Defaulting Pop 0.09 0.04 0.31 0.03 0.33 0.92 0.13 -0.42

(0.01) (0.06) (0.09) (0.07) (0.01) (0.03) (0.05)

Delinquent Pop 0.12 0.05 0.68 -0.24 0.04 0.73 0.73 0.32

(0.02) (0.04) (0.05) (0.06) (0.01) (0.03) (0.07)

Pop in Debt 0.18 0.07 0.61 0.25 0.44 0.65 -0.08 -0.51

(0.02) (0.05) (0.09) (0.05) (0.04) (0.03) (0.01)

Debt Stock 21.57 8.09 0.23 -0.02 0.31 0.97 0.12 -0.30

(2.72) (0.06) (0.08) (0.07) (0.01) (0.05) (0.05)
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3. The number of borrowers is not volatile compared with output volatility, yet it is about

two times more volatile than that of defaulters, and is countercyclical.

4. The stock of debt is surprisingly volatile, compared with the volatility of the number

of borrowers and with the number of defaulters.

5. The aggregate amount of debt, as well as the number of households in debt, is pro-

cyclical. Again, this result is counterintuitive but consistent with the fact that default

statistics are procyclical.

5.2 Discussion on the Bankruptcy Related Statistics

At first sight, the two business cycle properties of the number of bankruptcies listed above,

that the volatility is quite low and that it is procyclical, do not seem encouraging, though

we are not comparing the model output with data. The first result implies that there are

not much business cycle fluctuations with respect to bankruptcy behavior in the economy

with aggregate uncertainty. The second one sounds counterintuitive.

However, the low volatility of the number of bankruptcies is related to the huge volatility

of the amount of debt which is due to the very large movements in the interest rates for

loans. The average borrowing interest rate weighted by the number of borrowers is 22% in

expansions and 16% in recessions. These numbers themselves imply huge borrowing rate

fluctuations but the numbers are in a sense misleading. This is because the interest rates

applied to the same type of loans are moving in the opposite direction. For example, the

interest rate applied to the loan whose amount is about one–eighth of average income is 7%

in expansions and 18% in recessions. Fluctuations of interest rates applied to various size

of loans is displayed in Figure 3. It shows the interest rate schedule of loans offered to the

same type of households, in expansions and recessions, and in the deterministic economy.

From the interest rate movements, we can infer that, if a recession is known to occur in

the next period, then firms in the credit industry set higher interest rate for loans, as they

correctly forecast more bankruptcies. Due to this reaction by the credit industry, households

cannot borrow as much as in expansions. Then there are less defaulters in recessions because

the amount of debt and the number of households in debt is lower in recessions.

This argument suggests that the timing of events in the model, where firms in the credit
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Figure 3: Price of Loans for the Baseline Economy.

industry can adjust interest rates of loans according to the correct forecast of the aggregate

shock, kills the fluctuations of the number of bankruptcies. In other words, if the aggregate

shock were truly surprising the credit industry, then firms cannot adjust the interest rates

correctly, and there could be large amounts of debt and of households in debt in recessions,

which would induce more bankruptcies in recessions.

Based on the discussion above, there are two possible candidates that might change the

procyclical nature of the number of defaulters. One is the introduction of aggregate shocks

that surprise the credit industry. This is our agenda in the ongoing project. The other is to

consider a type of shock that push households into debt, and that is larger or more frequent

in recessions. In this sense, we presume that domino effects in the economy might play an

important role in producing the countercyclical nature of the number of bankruptcies. For

simplicity, we take shocks to the asset position as a proxy to domino effects in this paper

and leave a more careful treatment of domino effects for future research.
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6 The Business Cycle Behavior of the Other Model Economies

In this section we explore the business cycle properties of the other model economies that

were described in Section 4. Table 4 summarizes the business cycle statistics of the standard

aggregates. Table 5 shows the business cycle statistics related to default and debt. We

proceed by comparing these model economies to both the data and to the baseline model

economy. Recall that all those experiments are designed to have the same output volatility.

6.1 The Business Cycle Behavior of Economies with Interest Rate Fluctuations

The third and fourth rows of Table 4 show that interest rate shocks are quite similar to the

baseline model. Interest rate movements increase the volatility of investment reducing that

of consumption. Capital income becomes more volatile, which reduces the volatility of the

labor share to a level that is close to the data, and makes labor share countercyclical, as in

data. This is simply because capital income is now strongly procyclical due to the procyclical

nature of interest rate movement.

As for the cyclical behavior of bankruptcy related statistics, Table 5 shows that the effect

of additional interest rate shocks relative to the baseline is to scale the volatility and the

correlation of all the statistics while keeping all the qualitative characteristics the same. This

result is to be expected since the changes in the interest rate are perfectly forecasted when

firms in the credit industry post interest rates, so all the effects of interest rate fluctuations

on the bankruptcy behavior are absorbed by the adjustment of the interest rates.

To summarize, there are not much changes when adding interest rate fluctuations with

regard to the cyclical properties of bankruptcy behavior. However, some business cycle

statistics of macroeconomic aggregates get closer to the data.

6.2 The Business Cycle Behavior of Economies with Asset Destruction Shock

According to the fifth and sixth rows of Table 4, adding asset destruction shock does not

induce any significant changes relative to the baseline model economy in the business cycle

statistics of the main macroeconomic aggregates. As in the models with interest rate shocks,

the correlation between consumption and output and volatility of investment become a little

closer to data. The cyclical properties of labor share are virtually the same as the baseline.
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On the other hand, shocks to asset level drastically change the business cycle properties

of bankruptcy related statistics. It is immediate to see from Table 5 that the correlation

between output and the number of defaulters, delinquents, the households in debt are lowered

with an introduction of asset destruction shock. They are strongly countercyclical in the

case of the economy with large asset destruction shocks. The property of the model that

households face higher interest rates and thus can borrow less in recessions remains, as we

can see from the fact that aggregate level of debt is still procyclical in models with asset

destruction shocks. But as the shock hits more households in debt and they are more likely

to default in recessions, the number of household that are indebted, declaring bankruptcy,

and delinquent increases in recessions, making them countercyclical.

However, the volatility of the business cycle statistics related to bankruptcy stays at a

low level as they did in the baseline model economy. The reasons are again the perfect

predictability of the default rates, the fact that interest rate hikes absorb the more adverse

conditions. The bottom line is, while the models with asset destruction shock successfully

show more intuitive relations between output and the number of defaulters, the low volatility

of bankruptcies, which is produced by our model assumptions, especially that of the timing,

is common across models with various specifications of aggregate uncertainty.

6.3 The Business Cycle Behavior of Other Economies

The model with both small interest rate shocks and small asset destruction shocks shows a

result that is a mixture of the two models with one of the two shocks (see the seventh row

of Table 4 and the sixth row of Table 5), which implies that some move a little closer to

the data (volatility of investment, correlation between consumption and output, volatility of

labor share), while others do not change much (volatility of consumption) compared with the

baseline model. The correlation between the number of defaulters and output is almost zero,

due to the effect of the asset destruction shocks, but all of the four default related statistics

are procyclical as in the baseline. Finally, the volatility of the numbers of defaulters, of

delinquents, and of those indebted remains very low.

The properties of the models that we study in this paper are robust to the changes in

two of our assumptions, that risk aversion parameter is 2.0 and that average duration of

expansions and recessions are 10 and 2 years, respectively. Both in a model with symmetric
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i.i.d. aggregate shocks and in a model with lower risk aversion, the volatilities of the numbers

of bankruptcies, delinquents, and those indebted, are very small, and these statistics are

strongly procyclical, as they are in the baseline economy. These are shown in the last two

rows of Table 4 and Table 5.

7 Concluding Remarks

In this paper we have extended Chatterjee, Corbae, Nakajima, and Rı́os-Rull (2001) to

include aggregate real shocks to economic activity to economies with storage technology. We

have shown that the results from the economies studied here lack some interesting aspects

regarding bankruptcy. This is because there is no uncertainty in the number of bankruptcies

and hence interest rates on loans completely bear the cyclical changes. This feature also

prevents the existence of domino effects. The source of the shortcomings of the present paper

are technical: we have manipulated the timing in the model to prevent the distribution of

agents from being important to forecast economic conditions relevant for the agents (see

Rı́os-Rull (1998), Krusell and Smith (1997), or Krusell and Smith (1998)) in a way similar

to that of Diaz-Gimenez, Prescott, Fitzgerald, and Alvarez (1992).

In this sense, we see this paper as a progress report towards exploring economies that

can be more seriously compared to the U.S. economy. The economy must have a produc-

tion sector, aggregate uncertainty should be somewhat unpredictable to generate surprising

changes in the volume of default. We are currently working in using modern techniques to

overcome these shortcomings and be able to address economies with a more relevant pro-

duction structure and with possibility of a domino effect: the default of some agents is what

triggers the default in others.

We have shown in this paper how the model economies account for the very high number

of bankruptcies in the recent years, while at the same time they replicate many other main

statistics of the macroeconomic aggregates of the U.S. economy. We have analyzed the

business cycle properties of a variety of calibrated models that differ in how we generate

business cycles. We have found that the numbers of defaulters, delinquents, and borrowers

are not very volatile relative to output fluctuations. We have also found that the existence of

negative shocks to wealth during recessions is an important mechanism in generating more

intuitive (i.e., negative) correlation between the number of bankruptcies and output. We are
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excited about the prospect of our research telling us how important this mechanism may be

when we look at economies with production and uncertainty in the profits of lenders as well

as other economic activities.
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