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Abstract

| introduce capital, risk-averse workers, labor-leisure choice and market incompleteness
to the standard Mortensen-Pissarides model of search and matching, and explore the busi-
ness cycle properties of the model with aggregate productivity shocks, with an emphasis
on labor market dynamics. In particular, I ask whether the model can replicate the large
volatility of unemployment and vacancies observed in the U.S. economy. Shimer (2005)
finds that the standard Mortensen-Pissarides model with productivity shocks of a plausi-
ble magnitude does not have a strong ampliflcation mechanism and thus cannot generate
the observed cyclical properties of unemployment and vacancies. | fInd the opposite; the
baseline model can generate the observed large volatility of unemployment and vacancies,
with a standard calibration. | flnd that utility from leisure plays a key role in generating a
strong ampliflcation even with a relatively low replacement ratio. With utility from leisure,
value of being unemployed turns out to be close to that of being employed, which generates
a strong amplification of the model. | also find that cyclical properties of the model change
signiflcantly when the self-insurance is prohibited or utility of leisure is turned ofi. Both
make the unemployed in the model sufier more than in the baseline model, and weaken the
ampliflcation property of the model considerably. The baseline model does a good job in
replicating various dimensions of the U.S. business cycles, especially those related to the
labor market dynamics. But the cyclical properties of consumption and investment are
similar between the baseline model and the standard real business cycle model, implying
that agents self-insure against unemployment shocks so well such that the baseline model
with incomplete markets behaves like a complete market model.
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1 Introduction

This paper has two main purposes. The flrst and the main purpose is to extend the standard labor
search and matching model by incorporating capital and labor-leisure choice and to re-examine
the puzzle presented by Shimer (2005) in the extended model.

The Mortensen-Pissarides search and matching model has become the standard theory of equi-
librium unemployment (Mortensen and Pissarides (1994), Pissarides (2001)). However, Shimer
(2005) pointed out that the Mortensen-Pissarides model with labor productivity shocks cannot
replicate the volatility of the unemployment and vacancies observed in the U.S. data. The volatil-
ities of the unemployment and vacancies in Shimer’s (2005) model are about one-tenth of their
volatilities in the U.S. data.

In the baseline model constructed below, workers can accumulate capital but the market is
incomplete; workers cannot write a contract to completely insure away the unemployment risk,
but they can self-insure by accumulating capital. In addition, workers in the model choose how
many hours to work and how many hours to enjoy leisure. Comparing the properties of the
baseline model and the model by Shimer (2005) is equivalent to exploring the role played by the
two additional features, namely, precautionary saving and labor-leisure choice, in the baseline
model economy.

Regarding the flrst purpose, there are two main findings. First, | flnd that if the model is
calibrated in the standard way that a real business cycle model is calibrated, the model can
generate a large volatility of unemployment and vacancies. In other words, the model has a
strong amplifying mechanism. | also fInd that utility from leisure plays a key role in narrowing
the gap between the value of being unemployed and that of being employed, even with the
observed relatively low replacement ratio. The small gap of the two values is a key property for
the model to exhibit a strong ampliflcation, as Hagedorn and Manovskii (2005) argued using the
standard Mortensen-Pissarides model.

Second, I find that the model’s strong ampliflcation vanishes when the self-insurance channel is
closed or utility from leisure is turned ofi. The reason is a combination of the following two: First,
both have an efiect of making unemployed sufier more, or, making the value of being unemployed
lower compared with the value of being employed. Second, the model’s ampliflcation property is
sensitive to a change in the difierence in the values, because the calibration of the baseline model
implies that the difierence is small, and thus can be afiected substantially from a relatively small
change in environment. The result is closely related to the sensitivity of unemployment of the
labor search and matching model that is calibrated to have a strong ampliflcation in response to
a change in unemployment insurance benefit.

The second purpose of the paper is to compare the business cycle properties of the baseline model
with those of the standard real business cycle model. The current model can also be considered
the standard real business cycle model extended by incorporating search and matching in the
labor market. Since the current model generates uctuations in both employment (extensive
margin) and average hours worked (intensive margin), the model has the capacity to match a



variety of cyclical properties of U.S. business cycles, especially those associated with the labor
market. With the capacity of the baseline model in mind, the cyclical properties of the model
are explored and compared with those of the standard real business cycle model. | show that the
model does a good job of replicating many cyclical properties of the U.S. labor market that the
standard real business cycle model cannot produce. In particular, compared with the previous
models that introduces labor search and matching to the standard real business cycle model, the
current model is doing a better job in generating a large volatility in both unemployment and
vacancies with a reasonable calibration.

On the other hand, the cyclical properties of the baseline model with respect to consumption and
investment are similar to those of the standard real business cycle model. The similarity seems
to indicate that, even though the baseline model features incomplete markets, agents self-insure
well enough such that the incomplete market model behaves like a complete market counterpart
at the aggregate level.

The rest of the paper is organized as follows. In Section 2, related literature is reviewed. Section 3
summarizes the cyclical properties of the U.S. economy. The model’s performance is measured
by the extent to which the model can replicate the properties. In Section 4, the baseline model
is presented. Section 5 discusses the calibration of the model, and Section 6 ofiers a brief
discussion of the computational methods. Appendix A gives details of the computation. Section 7
presents the main results of the paper and discusses them. Section 8 uses the baseline model to
evaluate the efiect of the declining volatility of the productivity shock on the cyclical properties
of macroeconomic aggregates. Section 9 concludes.

2 Related Literature

Two lines of the literature are related to the current paper. One line is trying to solve the puzzle
presented by Shimer (2005) by mainly extending the basic Mortensen-Pissarides model. The
other line extends the standard real business cycle model by incorporating labor market search
and matching. To the best of my knowledge, the model in the current paper is the flrst one
that combines the incomplete market real business cycle model with labor market search and
matching in the general equilibrium framework.

The flrst line of research starts with Shimer (2005), who fInds that the standard Mortensen-
Pissarides model of labor market search and matching with aggregate shocks to labor productivity
cannot generate a large volatility of unemployment and vacancies.

Hall (2005) claims that the problem lies in the Nash bargaining assumption in wage setting.
He points out that if there is stickiness in real wage setting, instead of real wage elastically
responding to changes in productivity, the labor search and matching model can produce a large
volatility of unemployment and vacancies. If real wage is sticky, flrms’ proflt responds more to the
changes in productivity, which leads to the larger volatility of vacancy postings and, eventually,
unemployment.



Hagedorn and Manovskii (2005) claim that the problem does not lie in the model itself but in
the way the model is calibrated. They show that the same model that Shimer (2005) uses can be
calibrated in such a way that the volatility of unemployment and vacancies matches the volatility
in the U.S. data. Crucial to their calibration is how the period utility of being unemployed is
compared with that of being employed. Shimer (2005) assumes, based on the average replacement
ratio, a substantially lower period utility of being unemployed, compared with the calibration of
Hagedorn and Manovskii (2005).

Costain and Reiter (2005a) propose that cohort-speciflc technology shocks can improve the
model’s performance. Their model easily achieves a higher volatility of unemployment and
vacancies because the number of vacancies is sensitive to the value of new matches, not to the
value of existing matches. The cohort-specific technology shocks can increase the volatility of
the value of new matches, without afiecting the volatility of the value of existing matches. In
turn, the volatility of vacancies increases without increasing the volatility of output, which is
much less sensitive to the volatility of the value of new matches.

Pries (2007) introduces a heterogeneity across workers’ productivity and shows that the com-
position efiect associated with the productivity of workers help to generate a high volatility of
unemployment and vacancies.

In the other line of research related to the current paper, Andolfatto (1996) and Merz (1995)
are the seminal papers. Both point out that the performance of real business cycle models can
be improved by incorporating labor search and matching. However, neither is very successful
in generating the observed high volatility of unemployment and vacancies. The novelty of the
current paper is that the model shows a strong amplification to generate volatile unemployment
and vacancies. Den Haan et al. (2000) extends the real business cycle model with labor market
friction by introducing endogenous match destruction. Gomes et al. (2001) combine the stan-
dard real business cycle model with labor search and successfully generate a large volatility of
unemployment. However, the model is difierent from the standard Mortensen-Pissarides model;
there is no matching nor unfllled vacancy in the model.

Jung (2006) constructs a version of the real business cycle model with labor market search and
marching and a representative family and shows that the model can replicate the volatility of
unemployment and vacancies with reasonable parameter values. The main difierence in this paper
is that Jung (2006) assumes the existence of a representative family, while in the current paper,
markets are incomplete, and agents can only self-insure. In the current paper, the importance
of allowing workers to self-insure by saving is emphasized, whereas there is no endogenous self-
insurance in Jung (2006).

More recently, Krusell et al. (2007), Bils et al. (2007), and Shao and Silos (2007) construct models
which feature saving, incomplete markets, and labor market friction as in the current paper, but
with a difierence in wage setting mechanism or other elements. However, none of the papers has a
labor-leisure choice of a worker. Therefore, none can analyze the importance of the labor-leisure
decision in shaping the cyclical properties of the model or analyze cyclical properties of intensive
and extensive margins of labor supply adjustment, like I do in the current paper.



Table 1: Cyclical properties of U.S. economy: 1951:1-2005:4%2

Relative Auto- Cross-Correlation of Output with

Variable SD% SD%®  corr  Xe;2o Xej1o X Xta1 X2
Output 1.58 1.00 084 060 0.84 100 0.84 0.60
Consumption* 1.25 079 083 068 082 0.8 0.70 0.46
Investment 7.19 457 080 057 076 0.88 0.72 0.48
Unemployment rate (u) 12.48 792 087 -035 -0.63 -0.84 -0.86 -0.73
Vacancies (V) 13.95 886 091 055 0.78 090 0.85 0.68
v/u ratio 25.91 16.45 090 046 0.72 0.89 087 0.72
Job flnding probability 7.74 492 080 043 0.68 0.83 0.84 0.69
Compensation to employees 1.75 111 089 037 0.64 0.85 0.87 0.76
Labor share 1.07 0.68 0.72 -0.40 -0.34 -0.26 0.07 0.34
Total hours 1.74 110 089 044 0.69 087 0.87 0.75
Employment 1.00 0.63 089 033 059 0.80 0.86 0.78
Average weekly hours 0.51 032 077 059 070 0.71 052 0.28
Output per person 1.31 0.83 0.76 068 0.72 0.69 0.34 -0.01
Output per hour 1.04 0.66 069 054 055 052 0.17 -0.14
Compensation per hour 0.88 056 078 0.22 029 031 025 0.17

! Source: BEA (output and its components), BLS (labor market-related data), Conference
Board (help-wanted advertising index used as the proxy for the number of vacancies).

2 All data are quarterly between 1951:1 and 2005:4. Logs of the data are flltered using the
H-P fllter with a smoothing parameter of 1600.

3 Relative to the standard deviation of output.

4 Including nondurable and durable consumption goods as well as services.

The way the market incompleteness is introduced in the current paper follows the models by
Huggett (1993) and Aiyagari (1994). Agents in the model face idiosyncratic uncertainty and can
only self-insure by saving. Krusell and Smith (1998) introduce aggregate uncertainty in to the
model by Aiyagari (1994).

Regarding the solution method, the one developed by Krusell and Smith (1998) is used. The
model developed in this paper can be considered an extension of their model in the sense that the
formation and resolution of matches is endogenous in the current model, while it is exogenous
in Krusell and Smith’s (1998) model.



3 Data

Table 1 summarizes the cyclical properties of the U.S. economy between 1951 and 2005. All data
are quarterly. The cyclical properties are computed using the log of the data after flitering with
the Hodrick-Prescott (H-P) fliter. Following the standard practice in the business cycle literature
for quarterly data, a smoothing parameter of 1600 is used.*

The flrst block of the table (the flrst three rows) contains the cyclical properties of output and
its major components, namely, consumption and investment.?2 The second block of the table
(the fourth to the seventh rows) contains the cyclical properties of unemployment, vacancies,
their ratio and the probability that a worker in the unemployment pool finds a job. The data
on the number of vacancies are constructed in the same way as in Shimer (2005); the help-
wanted advertising index compiled by the Conference Board is used as a proxy for the number
of vacancies. Monthly job flnding probability is constructed in the way suggested by Shimer
(2005). For quarterly data, the average of the monthly data in each quarter is used. The
properties of these data are important because these are the ones Shimer (2005) claims the
standard Mortensen-Pissarides model fails to replicate. The third and last block of the table
(the last seven rows) summarizes cyclical properties of other major variables related to the labor
market. As | will show, the model constructed in the current paper can generate endogenously
the uctuations of the variables in the table.

The key features of the cyclical properties of the U.S. economy presented in Table 1 are summa-
rized as follows:

1. Consumption (including durable and nondurable goods and services) is less volatile than
output and strongly procyclical.
2. Investment is about flve times as volatile as output and strongly procyclical.

3. The unemployment rate is about eight times as volatile as output and strongly counter-
cyclical.

4. The number of vacancies posted is about nine times as volatile as output and strongly
procyclical.

5. As a result of the above two properties, the ratio of vacancies over the unemployment rate
is about 16 times as volatile as output and strongly procyclical.

6. Job flnding probability is about flve times as volatile as output and strongly procyclical.

1Shimer (2005) uses a smoothing parameter of 10°. According to Hornstein et al. (2005) (Table 1), there is no
substantial difierence in terms of the volatility of the important labor market variables relative to the volatility
of labor productivity.

2\Consumption™ represents total consumption expenditure that includes nondurable and durable consump-
tion goods as well as services. The volatility of nondurable consumption goods is slightly lower than the total
consumption.



7. Compensation to employees is as volatile as output and strongly procyclical.

8. Labor share (share of total income earned by employees) is as volatile as output and mildly
countercyclical.

9. Total hours worked is as volatile as output and strongly procyclical. If the volatility of the
total hours is disaggregated into the volatility of employment (extensive margin) and the
volatility of hours per worker (intensive margin), the former accounts for two-thirds of the
volatility of the total hours. The latter accounts for one-third.

10. Employment lags the cycle by about one quarter. This translates into a strong correlation
between output and lagged total hours.

11. There is no lead or lag with respect to the average hours worked.

12. Since employment is procyclical but less volatile than output, output per person is moder-
ately procyclical and less volatile than output.

13. Since total hours is more volatile than employment and both are procyclical, compensation
per hour is less volatile than output per person and mildly procyclical.

The success of the model presented below is measured by how well the cyclical properties of
the model replicate those in Table 1, in particular the cyclical properties of unemployment and
vacancies.

4 Model

4.1 Preference

Time is discrete. The economy is populated by a mass of inflnitely lived workers and flrms. The
total measure of the workers is normalized to unity. A worker maximizes his expected lifetime
utility. The expected lifetime utility of a worker takes the following time-separable form:
(X )
Eo fltu(ce; hy) (1)

t=0

where fl is the time discount factor, and E, is an expectation operator with information available
at period 0. c; is the consumption of the worker in period t. h¢ is the leisure time enjoyed in
period t. The period utility function u(c; h) is assumed to be strictly increasing and strictly
concave, and it satisfles Inada conditions with respect to each of ¢ and h.

There are a large number of flrms. Each flrm is risk-neutral and maximizes the present value of
its proflt stream. The flrms discount their future proflts using the real interest rate.



4.2 Endowment

A worker is endowed with capital ay in the initial period and one unit of time each period.
Workers can use their time for either work or leisure. Denote hours worked in period t as ‘.
Hours for leisure in period t is denoted as h;. The following time constraint must be satisfled in
any period:

ht+‘t:1 (2)

4.3 Production Technology

In order to produce, a worker and a flrm have to be matched. We call a matched worker employed
(e = 1) and an unmatched worker unemployed (e = 0). A flrm can also be either matched (e = 1)
or unmatched (e = 0). Matched pairs have access to the following production technology:

Y =e’F(K;L) 3)

where K is capital input, L is labor input, and e* is total factor productivity (TFP). z is
stochastic and follows a flrst order autoregressive process. We will give a parameterized form for
the process later. It is assumed that the function F (K; L) satisfles constant returns to scale and
is strictly increasing and strictly concave with respect to each input. Capital stock depreciates
at a constant rate -.

4.4 Job Turnover Technology

Workers without a job search for a job. | assume that there is no cost for job search. According
to Reichling (2007), the average unemployed worker in 2005 spent as little as 3 minutes per day
searching for a job. Therefore, no cost for job search is a reasonable approximation. There is
no search intensity decision. The probability of flnding a job is the same across all workers who
are searching for a job. Unmatched flrms search for a worker by posting a vacancy. The cost of
posting a vacancy is represented by a parameter . The probability of finding a worker is the
same across all flrms that are searching for a worker.

Let the total number of workers that are employed and unemployed be denoted as N and U,
respectively. Since the total number of workers is normalized to one, the number of employed
workers N can be expressed as N =1 j U. Let V be the total number of vacancies posted by
unmatched flrms.

For a matched pair, there is a constant probability , that the match is dissolved. Because of the
law of large numbers, when the measure of the employed workers (which is equal to the measure
of matched pairs) is N, the measure of matches that dissolve can be expressed as ,N. There is
no on-the-job search. Once matched, the worker or the flrm is not allowed to search for a new
match until the current match dissolves.



It is assumed that a worker whose match is just dissolved can immediately join the unemployed
pool and thus start searching for a new job. It implies that a worker whose match is dissolved
but who immediately flnds the next job does not experience an unemployed spell in the model.
This timing assumption is needed to achieve a proper calibration. A period will be set as a
quarter, which makes it easy to compare the current model with the standard real business cycle
model. If we force a worker in a dissolved match to stay unemployed for at least one period, the
average duration of unemployment spells will be longer than one model period (one quarter).
However, it is hard to reconcile the implied average duration of unemployment spells with the
monthly average job finding probability of 45% (Shimer (2005)) and the average unemployment
rate of 5.67%. To distinguish between the number of unemployed workers and the number of
workers that are looking for a job, I use S for the measure of workers who are looking for a job.
By definition:

S=U+,N 4)

It is assumed that the number of new matches M is a function of the total number of workers
looking for a job (S) and the total number of vacancies posted (V). The function is called the
aggregate matching function and is expressed as follows:

M = min(fn(S;V);S;V) (%)

4.5 Market Structure

Capital is exchanged in the competitive market. It follows that the rental price of capital is equal
to the marginal product of capital net of depreciation in equilibrium. Labor can be supplied only
in a matched pair. All the flrms are assumed to be owned by all the workers. As a result, the
total proflt of the flrms in each period, net of total costs for posting vacancies, is shared by the
owners (workers) equally as a lump-sum transfer d.

The workers are not allowed to trade securities contingent on the state of the world and thus to
insure against unemployment shocks. Partial insurance is provided by the public sector in the
form of unemployment insurance, which is discussed in the next section. Apart from the partial
public insurance, all that the workers can do is to save in the form of capital and self-insure. It
is assumed that workers cannot take a short position with respect to capital. It is justifled by
the assumption that a worker can default on his loan at no cost or punishment.

4.6 Unemployment Insurance

The government runs an unemployment insurance program. Each period, the government taxes
the labor income of all employed workers at a constant tax rate t; and distributes the proceeds
equally among the unemployed. Denote the amount of unemployment insurance beneflt in period
t as bg. by and t; are uniquely determined each period such that the following two conditions are
simultaneously satisfled:



1. by is a constant fraction » of the average after-tax labor income of a worker in any given
period. » is called the replacement ratio.

2. The government budget balances each period.

4.7 Recursive Formulation

Equilibrium is deflned recursively. From now on, time subscripts are dropped and variables in
the next period are denoted by prime. A worker can be characterized by employment status
e 2 E = 10; 1g and the capital stock holding a 2 A = [0; 1.). e = 0 denotes unemployed or
unmatched, while e = 1 denotes employed or matched. For ease of notation, | deflne x as a
probability measure over X, which isa j algebra generated by the set X - E£ A. x is used
to represent a type distribution of workers.

In any period, the aggregate state of the economy can be characterized by the currently realized
shock to total factor productivity z, and the type distribution of workers, which is represented
by the probability measure x. Notice that, since z follows a flrst order autoregressive process,
the current z is su—cient to predict the future realizations of z.

Using the aggregate states, the total measure of employed and unemployed workers, N, U, the
total measure of workers searching for a job S, the aggregate (or average, because the size of the
total population is normalized to unity) stock holding A, and the number of matches M can be
characterized By the following functions:

N(X)=  le=adx (6)
ZX

UX) = le=odx ()
X

S() =Y +.N () (8)

AX)= adx 9)
X

M (z; x) = min(f,(S(X); V (z;X)); S(X); V (z; X)) (10)

where I5ndition 18 @n indicator function that takes the value 1 if the condition is true, and 0
otherwise. V (z;x) is the total number of vacancies posted, which is determined by the optimal
entry decision of unmatched flrms, and thus is a function of aggregate states. | will discuss more
on V (z; x) later.

Furthermore, these functions can be used to construct functions of matching probability for a
worker searching for a job (f,) and for an unmatched flrm (f;) as follows:

=M@
fw(z;x) = 560 (11)
[0 =4 (12)
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The transition function for the measure X is deflned as follows:
X! = f(z; X) (13)

The law of motion for the number of employed and unemployed workers can be deflned using
the functions deflned above, as follows:

U'=fu(z;x) = UX) i M(z;x) + ,N(x) (14)
N'=f(z;x) =NX) +M(Z;x) i -N(X) (15)

Finally, 1 will denote the real interest rate, labor productivity, worker’s share of total surplus,
dividend income from flrms, unemployment insurance tax rate, and unemployment insurance
beneflt as functions r(z; x), p(z; X), w(z; X), d(z; x), t(z; x), and b(z; x), respectively.

4.8 Worker’s Problem

Now we are ready to deflne the problem of a worker recursively. Given the law of motion of
aggregate states, fx(z;x), and functions for interest rate, r(z; x), dividends, d(z;x), marginal
product of labor, p(z;x), unemployment insurance tax rate, t(z;x), unemployment insurance
beneflt, b(z; x), worker’s share of surplus, w(z; x), and the job finding probability, f,,(z;x), the
worker’s problem can be recursively formulated as follows:

C < >
cvraea) — PR ) w R
W (z;x;e;a) = c,o;agr]g?gz[o;l] u(c; 1 i “) +flEy;, . Pt W (Z; X5 €75 &) (16)
subject to
C+a(}/°=y+(1+r(z;X))a+d(z;X) (17)
_ ? p(z;x)*w(z;xX)(1 § t(z;x)) if e =1 (employed) (18)
y= b(z; X) if e =0 (unemployed)
X' = f,(z;X) (19)
where

P =1i.1ifu(zx)
P =.( i fw(z;X))
Por = fw(z;X)

Poo =1 i fu(z;X)

One important assumption that should be mentioned here is that the worker’s share out of total
surplus w(z; x) is taken as given in the problem above and does not depend on the individual
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state. A worker’s share out of total surplus is assumed to be determined collectively by all workers
and is shared by all workers regardless of the individual type. I will discuss the assumption in
more detail below.

Let ga(z; X;€;a), 9.(z; X; e;a), and g-(z; x; e; a) be the optimal decision rules associated with the
optimal value function that solves the problem above. Note that g-(z;x;e;a) = 0 for e = 0,
because the income of the unemployed does not depend on “ and marginal utility from leisure is
strictly positive. Using the optimal decision rule with respect to hours worked, | can deflne the
aggregate hours worked, L(z; x), as follows:

Z

L(z;x) = g-(z;x;e;a)dx (20)
X

4.9 Wage Determination

Wage, or a worker’s share out of total surplus, is determined by the generalized Nash bargain-
ing. It is the standard assumption in the Mortensen-Pissarides model. Moreover, bargaining is
centralized or done collectively. Matched workers and matched flrms collectively negotiate their
shares out of total surplus every period. For the purpose of deflning the centralized bargaining
problem, I flrst construct the representative worker and the representative flrm in the subsequent
sections.

I want to make three remarks here. First, bargaining by the representative worker and the
representative flrm is used by Costain and Reiter (2005b). They call it a union. They assume
that workers with difierent productivity form separate unions. The share of the workers difiers
across difierent groups of workers, but it is the same among the workers with the same individual
productivity.

Second, in the standard Mortensen-Pissarides model, the assumption of the representative worker
does not make any difierence. This is because there’s no heterogeneity across the employed
workers. The only heterogeneity across workers is the current employment status (employed or
unemployed).

Third, using the representative worker has two important beneflts. First, since the surplus sharing
rule depends on aggregate states, but not on individual states, the surplus sharing function is
simpler. This helps to simplify the computation. Second, since individual workers are atomless,
a worker cannot afiect the bargaining outcome when bargaining is done collectively. When
individual bargaining is assumed instead of the centralized bargaining, workers take into account
the efiect of their choices on the outcome of future bargaining. As a result, the value function
of the worker might not be strictly concave, and the optimal decision for some individual state
might not be unique. Reichling (2007) uses the individual bargaining in the model with savings
and uninsured unemployment shocks but without aggregate uncertainty. Krusell et al. (2007)
introduces aggregate uncertainty.

12



4.9.1 The Representative Worker

The representative worker weights the welfare of all the workers equally, negotiates with the
representative flrm and determines how to share total surplus. The representative worker’s share
out of total surplus is denoted as w. Once the shares out of total surplus are determined in the
collective bargaining process, each worker takes the bargaining outcome as given when making
his own decisions regarding consumption, savings, and hours for work and leisure.

The utility of the representative worker, given a bargaining outcome w, is deflned as follows:

Z
W(z;x; 1,w) = @ y 1—1W (z; x; 1;a; W) dx (21)
. . —_— 1 . . .

W(z;x;0) = NG o le=1W (z; X; 0; @) dx (22)

where
C < >

W(z;x;1,a;w) = onax uic;l i )+flEy, PwW (25X e a") (23)
subject to

c+a =y+ (1+r(z;x))a+d(z;x) (24)

y =p@:x)'w(l i t(z;x)) (25)

X! = f,(z; %) (26)

Equations (21) and (22) integrate individual values over the type distribution of employed workers
and normalize by the total measure of employed workers to construct the value of the represen-
tative worker. Equation (23) deflnes the value of an employed worker conditional on the current
w. Notice that it is not necessary to deflne the value of an unemployed worker conditional on w
because the value of an unemployed worker does not depend on the current w.

4.9.2 The Representative Firm

| assume that there is a representative flrm in the economy. All the matched flrms produce jointly,
negotiate jointly with the representative worker over w, and share the total income equally. Since
w represents the representative worker’s share out of total surplus, the share of the representative
flrm is denoted as (1 §j w).

Given the interest rate function r(z; x), law of motion for x, f«(z;x), aggregate labor supply
function L(z; x), and surplus sharing rule w(z; x), the value of the matched (e = 1) representative
flrm, J(z; x; 1), can be deflned by the following Bellman equation:

%o
o1y — 1 (z; %K) 1i.,
I 1)_&?% N (x) N 1+ r(z;x)

E,,J (2% X' 1) (27)
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subject to

§(Z; %K) = (eF(K; L(z;x)) i (r(z;x) +-)K)(1 i w(z; x)) (28)
X = f,(z;X) (29)

Notice that the formulation above already takes into account that the value of being unmatched,
J(z;x;0), is zero in equilibrium. j(z;x;K) is the function for the aggregate proflt of flrms,
conditional on K units of capital being rented. The current proflt of the representative flrm is
J(z;x; K) divided by the total measure of matched flrms N (x). The aggregate proflt of flrms is
the current output minus the rental cost of capital, multiplied by the representative flrm’s share
out of total surplus (1 j w(z;x)). The optimal decision rule with respect to the rented capital is
denoted as K(z; x).

Notice that the problem faced by the representative flrm is virtually static; the current choice
of K does not afiect future value of the representative flrm. Therefore it is easy to see that the
optimal choice with respect to K satisfles the following marginal condition:

r(z;x) = e’F(K;L(z;X)) i - (30)

Moreover, applying the Euler’s theorem to the production function and the marginal condition
(30), we can obtain a simple formula for the current proflt, conditional on the optimal choice of
K, as follows:

1(Z% K(z;x)) = e*FL(K(z;x); L(z; X))L(z; X)(L i wW(z; X)) = p(z; X)L(z; x)(L i w(z;%)) (31)
This implies that the before-tax labor income of a worker who works for “ units of time is
p(z; X)“w(z; X).

The value of the representative flrm conditional on the current w can be deflned as follows:

PEILEZX)Aiw) 1li.,

Fz,x;L,w) = N (x) 1+r(z;%)

E,,J (2% X" 1) (32)

subject to (29). Notice that the formula for the current proflt is simplifled using (31).

4.9.3 Surplus Sharing Rule

As Hall (2005) argues, the set of e—cient sharing rules is large. To solve the model, it is necessary
to set a sharing rule between the two agents even if we restrict our attention to the set of
e—cient sharing rules. Following the standard Mortensen-Pissarides model, the generalized Nash
bargaining solution is used as the surplus sharing rule. The representative worker’s share, w, is
determined such that w solves the Nash bargaining problem with a given bargaining parameter
for workers ,,. Formally, the generalized Nash bargaining problem is deflned as follows:

3 1 N
w(z;x) = argmax W(z;x;1;w) i W(z;x;0) ~ Ez;x;L;w) i I(z;x;0) e (33)
w2[0;1]
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The term inside the flrst parenthesis is the surplus of the representative worker given a worker’s
share w. The term inside the second parenthesis is the surplus of the representative flrm given
w. Notice that J(z;x;0) = 0 in equilibrium. Therefore, the term inside the second parenthesis
can be simplifled to $(z; x; 1; w). We cannot obtain a simpler characterization of the bargaining
solution like in the standard Mortensen-Pissarides model because of the curvature of the workers’
utility function.

4.10 Vacancy Posting

Denote the value of the representative flrm when unmatched (e = 0) as J(z;x;0). The value can
be deflned by the following Bellman equation:
%o

J(z;x;0) =max 0; j=+ f(2:)

T EzjzJ O; 0;1 34
1+r(Z;X) J (Z X ) ( )

subject to (29). The cost of posting a vacancy is =. We assume free entry. It implies that
unmatched flrms keep entering the market by posting a vacancy until the value of posting a
vacancy and searching for a worker is driven down to the value of the alternative for unmatched
flrms, which is zero. Using J(z; x;0) = 0, equation (34) can be simplifled to the following:

. - M@x) End (2 Tx(z: %) 1)
B (1+r(z;X) V(z;x)

(35)

Equation (35) implicitly characterizes the number of vacancies posted V (z; x), which makes the
value of an unmatched flrm zero.

4.11 Equilibrium

Deflnition 1 (Recursive equilibrium)

A recursive equilibrium is a list of functions W (z; x; e;a), J(z;X;e), 9.(z; X; €;a), ga(z; X;€; a),
9-(z; x;8;a), K(z; %), d(z;x), w(z;x), V(z;X), r(z;x), p(z;Xx), t(z;x), b(z;x), L(z;x), A(X) and
T«(z; X) such that:

1. Given the pricing functions and the law of motion of aggregate states, W(z;x;e;a) is a
solution to the worker’s problem, and g.(z; X; e; @), ga(z; X; e; @) and g-(z; x; e; a) are associ-
ated optimal decision rules for consumption, capital for the next period, and hours worked,
respectively.

2. Given the pricing functions and the law of motion of aggregate states, J(z; X; e) is a solution
to the representative flrm’s problem and K(z; x) is an associated optimal decision rule for
the amount of capital rented.

15



3. The law of motion associated with x, f«(z;X), is consistent with the optimal decision rule
for capital holding ga(z;x;e;a) and the law of motion associated with the employment
status e.

4. w(z;x) is a solution to the Nash bargaining problem between the representative worker
and the representative flrm.

5. Capital market clears. Formally:

K(z;x) = A(X)

6. Labor market clears, i.e., L(z; X) is equal to the aggregate labor supply implied by g-(z; X; e; a).

7. The rental price of capital is equalized to the marginal product of capital minus deprecia-
tion.

r(z;x) = e’Fx(K(z;x); L(z; X)) i -

8. Labor productivity is the marginal product of labor.

p(z; x) = e’F (K (z; X); L(z; X))

9. The free entry of the flrms yields zero proflt in terms of the value of an unmatched flrm,
i.e.,, J(z;%;0) = 0. The number of vacancies posted V (z;x) is determined such that the
free entry condition is satisfled.

10. t(z;x) and b(z;x) are consistent with a balanced government budget and a constant re-
placement ratio ».

11. The dividend is distributed among workers as a lump-sum transfer. The dividend d(z; x)
is determined as follows:

d(z;x) = i=V(z;X) + j(z;x; K(z; X))
5 Calibration

5.1 Model Period

A period is a quarter, because this is the highest frequency at which the aggregate data of interest
are available.
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5.2 Preference

For the period utility function, the following functional form is used. This is one of the functional
forms consistent with the existence of a balanced growth path, and it allows a non-unity relative
risk aversion. The functional form exhibits constant relative risk aversion and non-separability
between consumption and leisure.
(c htim)t

u(c;h) = 1:

(36)

The risk aversion parameter is calibrated such that the coe—cient of relative risk aversion is
1:5, which is a standard value in the literature. Notice that because of the aggregation between
consumption and leisure, the parameter is not equal to the coe—cient of relative risk aversion.
Once ~ is chosen, issetsuchthat (1§ )=1j 15.

The aggregation parameter ~ is calibrated endogenously, jointly with other parameters. The
calibration procedure is further discussed later. Mainly, ~ is used to guarantee that the average
hours worked in the steady state of the model is 0:33.

The time discount factor fl is also calibrated endogenously. Mainly, fl takes care of the aggregate
capital stock.

5.3 Production Technology

The production function takes the Cobb-Douglas form as follows:
Y =e’F(K;L) = e’K L' (37)

is pinned down to match the average capital share of income in the U.S. economy (computed
using data from the National Income and Product Accounts), which is 0:29. This is slightly lower
than the commonly used value (around one-third), because the flrms’ proflt is not included in
the capital share. Instead, the flrms’ proflt is part of labor’s contribution to output.

It is assumed that the shock to TFP follows the following AR(1) process:
=%z +1 (38)

where 1 » N(0; 2). % is set at 0:95 and ; is set at 0:007. These are the values Cooley and
Prescott (1995) estimate using the Solow residuals. The depreciation rate - is calculated using
the average ratio of total capital consumption over total capital stock (computed using NIPA
data). - is set at 0:014 (5.6% annual depreciation).

5.4 Job Turnover Technology

Following Shimer (2005), the following Cobb-Douglas function is used for the matching function:
fin(S;V) = STviif (39)
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Notice that, assuming f,,(S;V) < min(S; V), matching probabilities for a worker (f,,) and for a
flrm (f;) take the following simple forms:

' ifi Tiisi
(SO0 V(X)) STeViifizix) . V(zix)
0= S() B S(x) T S(Y) q (40)
) _ fm(S(X);V(Z;X)) _ Sﬁ(X)Vliﬁ(Z;X) _ V(Z;X) i
fi(z;x) = V(z;%) B V(z;%) B S(x) (41)

There are variety of estimates for fi. Shimer (2005) uses the unemployment data of the Bureau
of Labor Statistics (BLS) and the help-wanted advertising index constructed by the Conference
Board and obtains fi = 0:72. Hall (2005) uses Job Openings and Labor Turnover Survey (JOLTS)
data on vacancies, unemployment, and job-flnding probability and obtains fi = 0:235. Blanchard
and Diamond (1989) use Current Population Survey (CPS) data to construct the data on unem-
ployment and new matches and the help-wanted advertising index of the Conference Board and
obtain fi = 0:4. As the baseline calibration, | use fi = 0:5.

The separation probability , is set at 0:10, since it is consistent with the average tenure of a job
in the data (2:5 years, or 10 quarters).

In order to achieve a quarterly job destruction probability of 0:10 and a steady state unem-
ployment rate of 0:0567, the steady state quarterly matching probability for a worker has to be
0:625.

The average value of V is normalized to be equal to the average value of the unemployment
rate, which is 0:0567. This normalization plus the average job fInding probability of 0:625 yields
= 0:625. In addition, the choice of the average V guarantees M = ,(S;V) < min(S; V).

The parameter for the cost of posting a vacancy « is pinned down such that in the steady state
of the model, the representative flrm’s share of surplus is 3% of the total surplus. The flrm’s
surplus being close to zero is supported by various empirical work. The target is the same as
the one used in both Shimer (2005) and Hagedorn and Manovskii (2005). Using this procedure,
e = 0:114 is obtained.

5.5 Unemployment Insurance

It is hard to agree on the target value of the replacement ratio for the following two reasons.
First, a variety of numbers could be justifled as the monetary value of being unemployed, mainly
because the wage (before becoming unemployed) distribution of unemployed workers is typically
very difierent from the wage distribution of the entire labor force. Second, even if the monetary
value of being unemployed is pinned down, if the model does not explicitly include leisure, the
value of additional leisure when a worker is unemployed needs to be imputed and the replacement
ratio needs to be adjusted to re ect the value of additional leisure when a worker is unemployed.

As for the flrst reason, the unemployment insurance beneflt replaces around 60% of past earnings
in the U.S. (Hornstein et al. (2005)). However, since those who are unemployed tend to earn less
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than the average worker, the ratio of the average unemployment insurance beneflt and average
earnings is substantially below 60%. According to the BLS, the ratio of the average weekly beneflt
and the average weekly wage is 35% between 1951 and 2004. Hornstein et al. (2005) claim that,
according to the Organization for Economic Co-operation and Development (OECD), 20% is the
upper bound of the replacement ratio of the U.S. if we take into account the lower average wage
of unemployed workers.

As for the second reason, Shimer (2005) uses 40% as the value of being unemployed relative to
being employed, including the imputed value of leisure. Alternatively, Hagedorn and Manovskii
(2005) do not set a prior for the imputed value of leisure but instead calibrate the replacement
ratio to match the fact that in response to a 1% increase in labor productivity, the wage increases
by 0:5%. As a result, they obtain a replacement ratio, including the value of leisure, of 95%.

For the baseline calibration, the second issue is not a question because the value of leisure is
explicitly modeled in the current model. The value of leisure is indirectly pinned down when
the parameter ~ is pinned down such that average hours worked in the model are close to the
average hours worked in the U.S. economy. Notice that there is no freedom in choosing the value
of leisure. As for the flrst issue, we use the average of 0:2 (suggested by Hornstein et al. (2005))
and 0:35 (BLS data), which is 0:275.

Once the replacement ratio » is pinned down, the unemployment insurance tax rate t(z; x) and
beneflt b(z; x) are jointly determined such that (i) the level of beneflt is consistent with the preset
replacement ratio », and (ii) the government budget balances in each period. Speciflcally, the
following conditions must be simultaneously satisfled:

b(z;X) = »p(z;X)*(z; x)w(z; x)(1 i t(z;X)) (42)
U (X)b(z; x) = N(X)p(z; X)“(z; X)w(z; X)t(z; X) (43)

5.6 Endogenously Calibrated Parameters

Three parameters are yet to be pinned down endogenously: (i) the time discount factor fl, (ii)
the aggregation parameter between consumption and leisure ~, and (iii) the Nash bargaining
parameter ,,. In calibrating these parameters, a steady state economy is solved, by replacing the
process for the technology shock by its unconditional mean. The parameters are calibrated so
that the following three targets, all of which are averages of the U.S. data, are satisfled in the
steady state. In other words, the three parameters are estimated using the simulated method of
moments with a unit weighting matrix.

1. The capital output ratio is 12.70 (3.175 with annual output).
2. Hours worked are 0.33 of the total available time.

3. Workers’ share out of the total proflt is 0.97.
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Table 2: Summary of the baseline calibration

Parameter Description Value
fl Time discount factor 0.9912
Curvature parameter for the utility function 2.3972

- Aggregation parameter between ¢ and * 0.3579
Capital share of income 0.2900

- Quarterly depreciation rate of capital 0.0140
o Persistence of TFP shock 0.9500
t Standard deviation of shocks to TFP 0.0070
Level parameter for matching function 0.6246

fi Curvature parameter of the matching function 0.5000
. Match separation probability 0.1000
» Replacement ratio for Ul beneflt 0.2750
’ Nash bargaining share parameter for worker 0.0386

The resulting values of the parameters, together with all the other parameters, are summarized
in Table 2.

6 Computation

6.1 Approximate Equilibrium

To compute an equilibrium of the model, I use the solution method developed by Krusell and
Smith (1998); | focus on the stationary stochastic recursive equilibrium and compute the ap-
proximation of the original equilibrium.

The key component of Krusell and Smith’s (1998) approximation method is to use a flnite set
of statistics B of the type distribution x to represent x. As a result, instead of dealing with
an inflnitely dimensional object x, we only need to deal with a flnite set of statistics of Xx. An
interpretation of the approximation method is that agents in the model are allowed to use partial
information ¥ of the entire type distribution x when they make decisions. In this sense, the
approximate equilibrium can be called the equilibrium with partial information or the bounded
rationality equilibrium.

The important finding of Krusell and Smith (1998) is that, in their model with both aggregate
and uninsured idiosyncratic shocks, using a very small set of statistics that represent x is su—cient
to achieve a good approximation. This insight helps greatly reduce the computational cost in
the current model as it does in theirs.

The smallest set of statistics that represent x and are su—cient to compute all the prices needed
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to solve the problems of workers and flrms contains A, aggregate capital stock held by workers,
and N, total measure of employed workers. | use this smallest set of statistics to represent X.
Formally:

E=(A;N) (44)

The model here is more challenging than the model used by Krusell and Smith (1998), for two
reasons. First, since both the aggregate capital stock and the total measure of employed workers
(or the total measure of unemployed workers) must be a part of the aggregate state variables, the
number of aggregate state variables must be at least two, instead of one. Second, it is necessary
to simultaneously find four, instead of one, forecasting functions that are consistent with the
optimal decisions of workers and flrms.

6.2 Computation of the Approximate Equilibrium

Computing the approximate equilibrium involves finding four functions, which map the aggregate
state variables (z;®) = (z; A;N) into capital stock in the next period, A’, number of vacancies
posted, V, bargaining outcome, w, and aggregate labor supply, L, respectively. The four functions
are taken as given in the optimization problems of workers and flrms and must be consistent with
the resulting optimal decisions.

Following Krusell and Smith (1998), the four forecasting functions are parameterized and thus
characterized by a set of coe—cients. Finding an equilibrium is basically flnding a set of co-
e—cients with which the forecasting functions are consistent with the decisions of workers and
flrms.

The value function is approximated using the shape-preserving spline developed by Schumaker
(1983) with respect to individual capital holding a. An important beneflt of using the shape-
preserving spline is that it is costless to evaluate the derivative of the approximated value function.
The optimal decision rules for future capital holding, consumption, and hours worked are ap-
proximated using piecewise-linear functions with respect to current capital holding. The problem
of the workers is solved using the value function iteration.

Details of the computation, including a detailed discussion of how to construct the approximate
equilibrium, are found in Appendix A.

7 Results

7.1 Aggregate Statistics of the Baseline Model

Table 3 compares the aggregate statistics of the U.S. economy and the calibrated baseline model
economy. Even if | try to match three targets using three parameters, there is no guarantee
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Table 3: Aggregate statistics of the U.S. and baseline model economy

Statistics U.S. economy Model economy?
Capital-output ratio? 3:175 3:175
Labor share of output 0:689 0:689
Capital share of output 0:290 0:290
Proflt-surplus ratio 0:030 0:030
Average hours worked 0:330 0:330
Unemployment rate 0:0567 0:0567
! Model without aggregate uncertainty.

2 Annualized.

that the targets are satisfled in general because of the nonlinear nature of the model. However,
in the current case, the calibration is successful and the baseline model achieves all the targets
simultaneously.

Figure 1 exhibits the density function with respect to the asset holding of workers. The model is
populated by workers with difierent asset holdings, depending on employment history. Since the
only idiosyncratic shock to an individual worker is the shock to employment status, the inequality
with respect to wealth holding is mild compared with that of the U.S. economy. The Gini index
for the U.S. economy is 0.80 according to Budrfa et al. (2002), whereas the Gini index for the
baseline model economy is 0.33.

Figure 2 shows the optimal decision rule for asset holding. Employed workers increase asset
holdings, while unemployed workers reduce asset holdings to sustain consumption even though
current income from the unemployment insurance beneflt is lower than income from working.

Figure 3 shows the optimal decision rule for consumption. Employed workers consume less than
their income, which is consistent with the optimal savings decision shown in Figure 2. Among
unemployed workers, those with very low asset holdings sufier a low level of consumption. Other
unemployed workers can easily sustain a consumption level that would be optimal even without
the borrowing constraint. Notice that there is a consistent gap between the consumption of the
employed and that of the unemployed for any given asset holding level. This is not because
the unemployed cannot consume as much as the employed, but the unemployed choose not to,
because unemployed workers enjoy additional utility from more leisure time and thus do not want
to consume as much as employed workers. The gap in terms of consumption does not imply the
extent to which the unemployed workers sufier. Rather, it implies that the utility of additional
leisure when unemployed is sizable relative to the utility from consumption.

Finally, flgure 4 shows the optimal decision rule for hours worked by employed workers. Optimal
working hours vary between 40% and 30% of the total available time. The optimal decision is
downward sloping with respect to asset holding, because there is no difierence in productivity
level among employed workers. If there is a persistent difierence in individual productivity,
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Table 4: Cyclical properties of the baseline model economy?

Relative Auto- Cross-correlation of output with

Variable SD% SD%?  corr  Xe;2  Xej1 Xt Xtx1 X2
Output 1.50 1.00 083 058 0.83 1.00 0.83 0.58
Consumption 0.41 027 086 043 0.72 0.95 0.89 0.71
Investment 6.11 407 0.8 059 083 1.00 0.84 0.58
Unemployment rate (u) 11.25 748 083 -039 -0.62 -0.85 -0.99 -0.79
Vacancies (V) 8.31 553 049 064 0.78 0.78 0.30 0.05
v/u ratio 16.16 10.75 086 0.60 0.83 0.99 0.84 0.57
Job flnding probability 5.16 344 071 066 086 094 061 0.33
Compensation to employees 1.14 0.76 086 054 080 099 0.88 0.64
Labor share 0.39 0.26 0.69 -0.64 -0.85 -0.95 -0.62 -0.35
Total hours 0.94 0.62 088 051 075 095 095 0.71
Employment 0.70 047 083 039 062 0.8 099 0.79
Average weekly hours 0.31 021 069 065 086 094 0.61 0.33
Output per person 0.98 065 060 060 0.82 093 0.56 0.32
Output per hour 0.67 045 056 057 080 091 053 031
Compensation per hour 0.31 021 041 045 0.68 0.78 0.38 0.22

L All data are in logs and flltered using the H-P fllter with the smoothing parameter of 1600.
2 Relative to the standard deviation of output.

workers with higher productivity would tend to hold more assets. If the substitution efiect due
to high productivity and thus a high wage dominates, workers with a high asset holding level
might be working more than workers with lower individual productivity.

7.2 Business Cycle Properties of the Baseline Model

Table 4 summarizes the business cycle properties of the baseline model economy. The table is the
exact counterpart of Table 1, which exhibits the business cycle properties of the U.S. economy.
For the sake of comparison, Table 5 reproduces Table 1.2 of Cooley and Prescott (1995), which
shows the cyclical properties of the standard real business cycle model.

First, the standard deviation of output of the model (1:50%) is very close to that of the U.S.
economy (1:58%). Since the shock to TFP that we feed into the model is estimated from the
data, the closeness implies that the model has an ampliflcation mechanism that is as strong as
that in the U.S. economy. The similarity of the cyclical properties of the two economies is not
only in the size of the volatility but also in the autocorrelation structure. Autocorrelation of
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Table 5: Cyclical properties of the standard real business cycle model*?

Relative  Cross-correlation of output with

Variable SD%  SD%® X2 X1 Xt Xerr X2
Output 1.35 1.00 0.44 070 1.00 0.70 0.44
Consumption 0.33 0.24 059 073 084 050 0.23
Investment 5.95 4.41 039 066 099 0.71 047
Total hours 0.77 0.60 037 065 099 0.72 0.48
Compensation per hour 0.61 0.45 051 0.73 0.98 0.65 0.38

! Replicated from Cooley and Prescott (1995), Table 1.2.

2 All data are in logs and flltered using the H-P fllter with the smoothing parameter
of 1600.

3 Relative to the standard deviation of output.

output is 0:83 in the baseline model and 0:84 in the U.S. economy. Compared with the baseline
model, the standard real business cycle model generates a lower volatility of output and a lower
autocorrelation. The ampliflcation mechanism of the standard real business cycle model is not
as strong as in the baseline model.

Consumption in the model economy replicates the key properties of the U.S. business cycle
data; consumption is less volatile than output and strongly positively correlated with output.
Quantitatively, though, the volatility of consumption relative to the volatility of output in the
model (0:27) is smaller than the same statistics for the U.S. economy (0:79). In other words, the
model exhibits an excess smoothness of consumption. This is a common property among real
business cycle models. As shown in Table 5, the consumption volatility relative to the output
volatility of the standard real business cycle model is 0:24, which is very close to the number
obtained in the current model economy.

Investment in the model economy successfully replicates the key cyclical properties of the U.S.
data both qualitatively and quantitatively. The volatility of investment is more than four times
that of output (4:07% in the model, and 4:57% in the U.S. economy), and investment is extremely
procyclical. As can be seen in Table 5, the cyclical properties of investment for the baseline model
is similar to those of the standard real business cycle model.

The similarity of the cyclical properties of consumption and investment between the baseline
model economy and the standard real business cycle model is consistent with what the optimal
decision rules suggest. The workers self-insure very well so that, at the aggregate level, the
behavior of consumption and investment in the baseline model with incomplete markets is similar
to the standard real business cycle model with complete markets.

The volatility of total hours in the model relative to output volatility is 0:62. This is lower than
in the U.S. data (1:10). However, the model correctly replicates the property of the data that
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total hours are strongly procyclical and lag the cycle by a quarter. Both the contemporaneous
correlation between output and total hours and the correlation between output and total hours
in the next quarter are the same { 0:95 { in the model. The numbers are somewhat lower for
the U.S. economy (0:87) but again they are the same between the current and the next quarters.
On the other hand, there is no lead or lag between output and hours worked in the standard
real business cycle model, as can be seen in Table 5. While there is only the intensive margin
of labor supply adjustment in the standard real business cycle model, the uctuations of total
hours can be broken down into the extensive and the intensive margins in the current model
economy. The standard deviations of employment (extensive margin) and average hours worked
(intensive margin) are 0:70 and 0:31, respectively, in the baseline model. In the U.S. economy
the volatilities are 1:00 and 0:51. They are higher in the U.S. economy, but the relative size
is about the same in both economies; in both economies, the volatility of employment is about
twice as large as the volatility of average hours.

An important property of employment in the data is that employment lags the cycle by a quarter.
In the U.S. economy, the contemporaneous correlation between output and employment is 0:80,
whereas the correlation between output and employment in the next quarter is higher at 0:86.
The model replicates the feature. The contemporaneous correlation in the model is 0:85, while
the correlation between output and employment in the next quarter is 0:99.

Average hours do not lead or lag the cycle in both the model and U.S. economies. Contempora-
neous correlation between output and average hours is 0:71 in the U.S. economy and 0:94 in the
model economy.

Because of the procyclicality of average hours, productivity measured by output per person is
more volatile than productivity measured by output per hour in the data. In particular, standard
deviations of output per person and output per hour are 1:31 and 1:04, respectively, in the U.S.
economy. The same relationship holds in the model economy, too. Standard deviations of output
per person and output per hour are 0:98 and 0:67, respectively, in the model.

Labor share of income is constant over the business cycle in the standard real business cycle
model, while labor share is volatile (standard deviation is 1:07%) and somewhat countercyclical
(contemporaneous correlation is j0:26).2 Another advantage of the current model economy over
the standard real business cycle model is that labor share uctuates over the business cycle
in the current model economy. The model economy replicates the features that labor share is
less volatile than output and that labor share is countercyclical. However, quantitatively, the
properties of the model economy do not match well their counterparts in the data. In the model
economy, the standard deviation of labor share is 0:39%, which is lower than in the data. The
contemporaneous correlation between output and labor share is j0:95, which is substantially
higher than in the U.S. economy.

3Choi and Rfos-Rull (2008) further investigate cyclical properties of labor share generated by the real business
cycle models with labor market search and matching.
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Table 6: Comparison of cyclical properties of unemployment and vacancies

Economy U v v=U t(Uez1; Vi) h(Us; Vi)
u.sS. 12.48 13.95 25.91 -0.92 -0.92
Baseline model 11.25 8.31 16.16 -0.81 -0.35
Andolfatto (1996) 1.05 458 4.86 -0.65 -0.19
Merz (1995) 4.95 6.83 n.a. -0.82 -0.15

7.3 Cyclical Properties of Unemployment and Vacancies

The most important success of the baseline model is that the model economy replicates very
high volatility of unemployment and vacancies. The standard deviation of the unemployment
rate in the model economy is 11:25%, which is substantially higher than that of output (1:50%)
and close to the U.S. economy counterpart (12:48%). For a comparison, Shimer (2005) flnds that
in the standard Mortensen-Pissarides model with productivity shocks, the standard deviation of
unemployment is 0:9%, whereas the standard deviation is 19:0% in the U.S. data.* It is worth
noting that the current model economy generates volatility of unemployment as high as in the
data, while the level of unemployment insurance beneflt is calibrated at the plausible level in the
U.S. economy.

The model also captures other cyclical properties of unemployment. Autocorrelation in the
model is 0:83, which is close to its U.S. economy counterpart (0:87). Unemployment is strongly
countercyclical in both economies. The contemporaneous correlation between unemployment
and output is §0:84 in the U.S. and j0:85 in the model. Finally, unemployment lags the cycle
in both the model and U.S. economies. The correlation between output and unemployment in
the next quarter is §0:86 in the U.S. and j0:99 in the model.

The standard deviation of the number of vacancies in the model is 8:31. It is signiflcantly
higher than the standard deviation of output (1:50), as in the U.S. data, but the absolute level
is lower than the level in the U.S. economy (13:95). The number of vacancies in the data is
much more strongly autocorrelated. Autocorrelation is 0:91 in the data, while it is 0:49 in
the model economy. The number of vacancies is strongly procyclical in both economies. The
contemporaneous correlation with output is 0:90 in the U.S. economy, while it is 0:78 in the
model economy.

Job finding probability in the model is much more volatile than output and strongly procyclical,
as in the data. The standard deviation is 5:16 in the model and 7:74 in the U.S. economy. The
contemporaneous correlation between output and the job finding probability is extremely high
at 0:94 in the model and 0:83 in the U.S. economy.

4The difierence of the volatility of unemployment in the U.S. economy stems from the difierence in the way
the original data are detrended. Both use the H-P fllter, but Shimer (2005) sets the smoothness parameter at
105, while | set the parameter at 1600, which is the standard choice in the real business cycle literature.
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Although real business cycle models with labor market search and matching (Andolfatto (1996)
and Merz (1995)) have similar success in terms of replicating various dimensions of the business
cycle properties of the U.S. economy, the current model is better in achieving these while gen-
erating very volatile unemployment and vacancies. Table 6 summarizes the comparison. In the
models by Andolfatto (1996) and Merz (1995), volatilities of unemployment and vacancies are
substantially lower, and the contemporaneous correlation between the two (Beveridge curve) is
low, compared with those of the U.S. economy. The current model economy exhibits a substan-
tially higher variation of unemployment and vacancies. Regarding the strong negative correlation
between the two, the model does better than the previous models but is still lower than in the
data.

How can the previous two real business cycle models with labor market search and matching
generate moderate level of volatility of unemployment and vacancies? Costain and Reiter (2005b)
analyze crucial assumptions in the models. Andolfatto (1996) relies on the assumption that the
mean unemployment rate is 43%. The assumption is justifled by assuming that all of the people
out of the labor force are actually searching for a job as well. Since the proportion of the
unemployed is as large as 43%, a small volatility of unemployment is enough to generate a strong
amplification. Conversely, the strong ampliflcation is not accompanied by a large volatility of
unemployment. The success of the model of Merz (1995) relies on the extremely small size of the
total surplus. A very small surplus helps generating a large volatility of vacancies. | will come
back to the mechanism in the next section.

7.4 Discussion: Why High y and ?

The mechanism behind the high volatility of unemployment and vacancies in the current model
is closely related to the mechanism pushed by Hagedorn and Manovskii (2005). 1 will go over the
intuition of the results by Hagedorn and Manovskii (2005) flrst and discuss how the properties
of the current model are related to their argument.

For the family of Mortensen-Pissarides models with the standard aggregate matching function,
large volatilities of unemployment and vacancies are generated by a large volatility of flrms’
expected proflt. When the expected proflt of flrms increases substantially, unmatched flrms have
a strong incentive to increase the number of vacancy postings, which yields a large increase in
the number of matches and a corresponding substantial decline in unemployment.

When the volatility of total surplus of a match is calibrated using the data, and thus prevented
from becoming very high, the following two conditions generate large volatility of flrms’ expected
proflt:

1. Firms’ proflt is a small proportion of the total surplus of a match.

2. A large part of the changes in the total surplus is distributed to flrms.

The flrst condition would make flrms’ profit relatively (relative to the level of flrms’ proflt)
volatile, for a given volatility of flrms’ proflt. In the limit, if the size of flrms’ proflt is approaching
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zero, the relative volatility of flrms’ proflt can be inflnitely increased. However, an extremely
small size of flrms’ proflt is not consistent with the U.S. data. According to the empirical evidence
referred to by Hagedorn and Manovskii (2005), the average ratio of flrms’ profit over the total
surplus is about 3% in the U.S., the same number used for the calibration of the current model.

As the level of flrms’ proflt is restricted by the U.S. data, a large uctuation of flrms’ proflt needs
to be generated by volatile procyclical uctuations of flrms’ share of total surplus. The answer by
Hall (2005) to the puzzle of Shimer (2005), which is the sticky wage, can be easily understood in
this context. Suppose the wage is flxed, and the productivity of a match increases. Then workers
do not beneflt from the positive shock to productivity, because their wage is flxed. Instead, the
additional surplus out of a match is distributed solely to the flrms. Thus flrms’ share of total
surplus becomes strongly procyclical, and the volatility of flrms’ proflt becomes larger than the
volatility of total surplus. In fact, other kinds of friction that prevent the wage (workers’ share
of total surplus) from exibly responding to changes in the size of total surplus would work in
the same way.

If the distribution of total surplus is determined according to Nash bargaining, flrms’ proportion
of total surplus is determined by 1 j ,,. Since ,, represents workers’ share of total surplus, flrms’
proflt becomes more volatile as ,, becomes smaller. However, ,, afiects workers’ average share of
total surplus, which is about 0:97. How can ,, be small while, on average, distributing 97% of
total surplus to workers? The key is what ,, afiects. ,, does not directly afiect workers’ share
of total surplus but determines the relative size of the utility gain for workers. If workers, on
average, receive 0:97 of total surplus but the utility gain from the share is small, ,, takes a small
value and a large proportion of total surplus is still distributed to workers.

What Hagedorn and Manovskii (2005) find is that, intuitively, if workers’ utility from being
unemployed is close to workers’ utility from working, it is possible that workers’ utility gain by
working and receiving a majority of the total surplus is small. Quantitatively, they find that
if the instantaneous utility of being unemployed is 95% of the instantaneous utility of being
employed and working, the model can be calibrated to have a low ,, and a high workers’ share
of total surplus simultaneously, and thus the model exhibits an amplification strong enough to
generate the observed volatility of unemployment and vacancies.

Even though Shimer (2005) and Hagedorn and Manovskii (2005) use the same Mortensen-
Pissarides model with aggregate shocks to match productivity, their models generate very difier-
ent ampliflcation properties. The reason is that while Shimer (2005) assumes that the instanta-
neous utility of being unemployed (including the value from leisure) is about 40% of the value of
working, Hagedorn and Manovskii (2005) calibrate the parameter as 95%.

Remember that the replacement ratio of the unemployment insurance beneflt is set at 27.5%
in the baseline model. Judging from the results of Shimer (2005) and Hagedorn and Manovskii
(2005), this low replacement ratio seems to imply a lack of amplification of the model. But it is
not the case. Why? First of all, the parameter ,, in the baseline model economy is calibrated at
0:0386. Since Nash bargaining is used as the surplus sharing rule, it has to be the case that, as
in Hagedorn and Manovskii (2005), the value of the representative worker for being unemployed
is close to the value of being employed.
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Therefore, the real question is, how can ,, = 0:0386 be possible when the monetary value of
unemployment is only 27:5% of the average labor income? There are two potential channels.
First, contrary to the standard labor search and matching models, in the current model, workers
save to prepare for future periods of unemployment. If workers save su—ciently, consumption,
and thus period utility, does not drop even for the unemployed. Notice that in the standard
labor search and matching model, workers are assumed to be risk neutral, and therefore, there
is a one-to-one relationship between the change in income and the change in utility. This is not
the case for the current model, since workers are assumed to be risk-averse and are allowed to
save for precautionary purposes.

Second, the additional utility of leisure if unemployed is not included in the monetary value
of being unemployed. The utility of leisure if unemployed is implicitly determined when the
parameter ~—, which dictates the value of leisure relative to that of consumption, is pinned down
such that workers spend 33% of their disposable time working on average. If the implicitly
determined value of additional leisure for the unemployed is large, the amplification mechanism
of the current model is expected to be similar to that of Hagedorn and Manovskii (2005). In the
baseline mode, this turns out to be the case.

In the next subsection, | will try to quantify the importance of the two channels, self-insurance
and value of leisure, by turning ofi one by one from the baseline model economy.

7.5 Measuring the Contribution of Savings and Leisure Separately

To measure the contribution from each of the two channels, the role of savings and the role of
extra utility from leisure when unemployed, separately, I implement two sets of experiments.
First, the baseline model is modifled such that workers are not allowed to save. The model is
re-calibrated such that the same targets as those used for the calibration of the baseline model
economy are matched in the modifled model economy. To prevent workers from saving and thus
preparing for future unemployment spells, but to preserve capital in the model, all workers are
endowed with the average capital stock in the steady state of the baseline model, and they are
forced to save the same amount. These assumptions help to keep steady state capital stock
level in the modifled economy, thus making the comparison with the baseline model economy
reasonable, and still prevent workers from accumulating savings for precautionary purposes.
Second, the baseline model is modifled so that workers do not value leisure, but if they are
employed, they are assumed to spend 33% of their disposable time working. Again, the model
is re-calibrated. | also investigate the cyclical properties of the no-leisure model with difierent
levels of replacement ratio. Since models of Shimer (2005) and others do not have utility from
leisure, and have difierent levels of replacement ratio, the experiments allow me to relate the
cyclical properties of the current model with those of others’ models.

Table 7 summarizes the cyclical properties of the model without saving. Most importantly,
the model lost the strong amplification of the baseline model economy. The volatility of the
unemployment rate is 0:31%, which is even lower than in Shimer’s (2005) model (0:9%). The
volatility of the number of vacancies is also quite low at 0:23%. Accordingly, the volatility of
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Table 7: Cyclical properties of the model economy without savings?!

Relative Auto- Cross-correlation of output with

Variable SD% SD%?  corr  Xe;2  Xej1 Xt Xts1 X2
Output 0.82 1.00 069 044 069 100 0.69 0.44
Consumption 1.01 124 069 044 0.69 100 0.69 0.44
Investment 0.02 0.03 043 046 067 0.92 0.38 0.13
Unemployment rate (u) 0.31 0.38 081 -0.18 -0.40 -0.66 -0.97 -0.83
Vacancies (V) 0.23 028 043 046 067 0.92 038 0.13
v/u ratio 0.44 054 085 037 063 094 0.88 0.66
Job flnding probability 0.14 0.17 067 045 0.70 1.00 0.67 0.42
Compensation to employees  0.82 1.00 069 044 069 1.00 0.69 0.44
Labor share 0.01 001 068 036 057 082 071 051
Total hours 0.11 0.14 062 -045 -0.70 -0.99 -0.61 -0.35
Employment 0.02 0.02 081 0.18 040 0.66 0.97 0.83
Average weekly hours 0.12 0.15 0.70 -0.44 -0.69 -1.00 -0.70 -0.45
Output per person 0.80 099 068 045 0.69 100 0.68 0.43
Output per hour 0.93 1.14 068 044 0.69 100 0.68 0.43
Compensation per hour 0.93 1.14 069 044 0.69 1.00 0.68 0.43

1 All data are in logs and flltered using the H-P fllter with the smoothing parameter of 1600.
2 Relative to the standard deviation of output.

output (0:82) is almost the same as the volatility of the total factor productivity shock, which
means that the model without saving has almost no ampliflcation mechanism. In other words, the
option of saving for workers is crucial for the results in the baseline model economy. Under the
baseline calibration, only the additional utility from leisure for the unemployed is not enough to
keep the gap in value between the employed and the unemployed workers small so that the model
exhibits a strong ampliflcation. How about the bargaining power of the representative worker
and the representative flrm in the economy without the option of saving? ,, in the modifled
economy is calibrated at 0:64. This is lower than the level in the calibration of Shimer (2005)
(0.72), but it is far from the value in the baseline model economy (0.0386).

Table 8 summarizes the cyclical properties of the model without leisure. Most importantly,
the model without labor-leisure choice is subject to the puzzle of Shimer (2005) again. The
standard deviation of unemployment is now 0:93%, which is very close to the number that Shimer
(2005) obtains (0:9%). In other words, the strong ampliflcation mechanism in the baseline model
economy vanished again. Labor share of output in the modifled model is now almost constant
over the business cycle, implying that only a small share of changes in total surplus is distributed
to flrms over the business cycle. The basic message is that the strong ampliflcation obtained from
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Table 8: Cyclical properties of the model economy without leisure?

Relative Auto- Cross-correlation of output with

Variable SD% SD%?  corr  Xe;2  Xej1 Xt Xts1 X2
Output 0.93 1.00 073 048 0.73 100 0.73 0.48
Consumption 0.19 020 080 0.24 053 0.88 0.77 0.64
Investment 4.47 482 073 051 074 1.00 0.70 0.43
Unemployment rate (u) 0.94 1.01 0.83 -0.21 -043 -0.69 -0.97 -0.85
Vacancies (V) 0.67 0.72 0.48 050 0.71 092 042 0.16
v/u ratio 1.33 144 086 040 0.66 095 0.90 0.68
Job flnding probability 0.42 045 071 048 0.73 1.00 0.71 0.45
Compensation to employees  0.92 099 073 047 0.73 1.00 0.73 0.48
Labor share 0.01 0.01 042 -0.38 -0.52 -0.69 -0.32 -0.11
Total hours 0.06 0.06 083 021 043 0.69 097 0.85
Employment 0.06 0.06 083 021 043 0.69 097 0.85
Average weekly hours 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Output per person 0.89 096 070 048 0.73 1.00 0.70 0.44
Output per hour 0.89 09 070 048 0.73 100 0.70 0.44
Compensation per hour 0.88 095 070 048 0.73 100 0.70 0.44

1 All data are in logs and flltered using the H-P fllter with the smoothing parameter of 1600.
2 Relative to the standard deviation of output.

the baseline model crucially depends on the existence of the additional value of leisure for the
unemployed. If the unemployed do not enjoy the additional time for leisure, the value for being
unemployed falls so much that the low value of ,, can no longer be sustained. The model without
leisure requires ,, = 0:794 to achieve the workers’ share of total surplus of 0:97. The value of
,» In the modifled economy is actually close to the value used in Shimer (2005), which is 0:72.
In other words, when replacement ratio is kept as low as the baseline level of 23.5%, allowing
agents to save for precautionary purposes is not enough to close the gap between value between
being employed and being unemployed and thus generate a strong amplification mechanism. It
is necessary to let unemployed workers enjoy extra leisure time to achieve a very small difierence
of the value between the two employment statuses.

Table 9 compares cyclical properties of the no-leisure model with three levels of replacement ratio;
27.5% (baseline replacement ratio), 40.0% (used by Shimer (2005)), and 95.0% (used by Hagedorn
and Manovskii (2005)). The cyclical properties are virtually identical across the models with
three difierent replacement ratios. In other words, once the model loses the closeness between
the value of being employed and the value of being unemployed, the model starts to behave
like the model of Shimer (2005). As long as the model does not have the closeness, the cyclical
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Table 9: Comparison of no-leisure model with various replacement ratios?!

Relative Auto- Cross-correlation of output with
Variable SD% SD%?  corr  Xe;2  Xej1 Xt Xts1 X2

27.5% replacement ratio

Output 0.93 1.00 073 048 0.73 100 0.73 0.48
Unemployment rate (u) 0.94 1.01 083 -0.21 -043 -0.69 -0.97 -0.85
Vacancies (V) 0.67 0.72 048 050 0.71 0.92 0.42 0.16
40.0% replacement ratio

Output 0.93 1.00 073 048 0.73 100 0.73 0.48
Unemployment rate (u) 0.94 1.01 083 -0.21 -043 -0.69 -0.97 -0.85
Vacancies (V) 0.67 0.72 048 050 0.71 0.92 0.42 0.16
95.0% replacement ratio

Output 0.93 1.00 073 048 0.73 100 0.73 0.48
Unemployment rate (u) 0.94 1.01 083 -0.21 -043 -0.69 -0.97 -0.85
Vacancies (V) 0.67 0.73 048 050 0.71 0.92 0.42 0.16

L All data are in logs and flltered using the H-P fllter with the smoothing parameter of 1600.
2 Relative to the standard deviation of output.

properties of the model is insensitive to changes in the replacement ratio. Somewhat surprising
is that the current model without utility from leisure requires an even higher replacement ratio
than the one used by Hagedorn and Manovskii (2005) (95.0%) to generate a strong ampliflcation
mechanism. The bottom line is that saving alone cannot generate the amplification mechanism of
the baseline model; the baseline model without leisure exhibits very similar cyclical properties to
the standard labor search and matching models without saving. An alternative way to interpret
the result is that value of leisure helps the baseline model to behave like the model by Hagedorn
and Manovskii (2005) with a level of replacement ratio that is consistent with data.

Why shutting down the self-insurance channel or eliminating value of leisure substantially changes
the cyclical properties of the model? The answer has two parts. First, the properties of the
baseline model crucially depend on the closeness of the value of being employed and that of
unemployed and are sensitive to a change in the values. Second, shutting down a channel of
self-insurance or that of utility of leisure afiects the value of being unemployed, since both makes
being unemployed more painful.

This sensitivity of the cyclical properties is closely related to the sensitivity of unemployment
in the standard search and matching model in response to a change in unemployment insurance
beneflt. The latter is pointed out by Costain and Reiter (2005a). When the value of being
employed is close to that of unemployed, a small change in unemployment insurance beneflt
afiects the value of being unemployed, and the efiect is magnifled since the response in terms of
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the number of vacancies is sensitive to the difierence in the values.

In sum, there are two important findings from the experiments. First, having value of leisure
helps the baseline model to exhibit a strong ampliflcation with a level of replacement ratio that
is consistent with the data. Equivalently, if value of leisure is eliminated, the baseline model
requires a very high replacement ratio as in Hagedorn and Manovskii (2005) to regain a strong
amplification mechanism. Second, since the strength of amplification of the model is sensitive to
a change in difierence between value of being employed and that of unemployed, a small change
in the replacement ratio, or a change in market structure, can have a signiflcant efiect on the
cyclical properties of the model.

8 Application: Implications of Lower Volatility of TFP

It is well known that the business cycle volatility of output in the U.S. economy declined sub-
stantially around the early 1980s. The primary reason for this Great Moderation is still an open
question. Arias et al. (2006) fInd that the volatility of shocks to TFP measured by the Solow
residual declined as well and that the business cycle properties of the standard real business cycle
model replicate well the changes that occurred in the U.S. economy, by feeding the estimated
changes in shocks to TFP.

I implement the same experiment as in Arias et al. (2006) using the baseline model economy
constructed in this paper. Because of the richness of the model, the experiment enables more
detailed investigation of the changes in the business cycle properties, in response to the decline
in the volatility of TFP.

Since the standard deviation of shocks to TFP is estimated to have declined by about 50% before
and after the end of the 4th quarter of 1983, according to Arias et al. (2006), the baseline model
is run again where the volatility of the shocks to TFP is reduced by half.®

Table 10 compares the changes in the cyclical properties of the U.S. economy and the two model
economies. First, the changes in the standard deviation are very similar between the two model
economies. In both economies, the changes are almost perfectly proportional to the changes in
TFP. For the standard real business cycle model (Arias et al. (2006)), it is guaranteed, since
the model is solved by linear-quadratic approximation. More surprising is that the pattern of
changes is shared by the baseline model economy.

If the changes in the cyclical properties are compared between the U.S. economy and the baseline
model economy, the changes in output, consumption, and investment in the U.S. economy are
well captured in the model economy. On the other hand, while the volatility of total hours,
employment, and average hours in the U.S. economy declined by 20 j 30%, the declines are
about 50% in the model economy.

5The autocorrelation parameter for TFP shocks is flxed between the two sub-periods, since constructed data
on TFP imply that there is no significant change in the autocorrelation of TFP.
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Table 10: Cyclical properties of the economy before and after 1983:4!

Percent standard deviation

Variable 1955:3-1983:4 (Early) 1983:4-2003:2 (Late) Late/Early?
U.S. economy?

Output 1.78 0.93 0.53
Consumption 1.38 0.80 0.57
Investment 7.66 4.41 0.58
Total hours* 1.58 1.12 0.71
Employment* 1.08 0.73 0.68
Hours per worker? 0.74 0.58 0.79
Total factor productivity 1.21 0.62 0.51
Arias et al. (2006)

Output 1.80 0.87 0.49
Consumption 0.46 0.22 0.49
Investment 6.45 3.07 0.49
Total hours 1.43 0.69 0.49
Total factor productivity (input) 0.95 0.46 0.49
Baseline model economy

Output 1.50 0.75 0.50
Consumption 0.41 0.20 0.50
Investment 6.11 3.00 0.49
Total hours 0.94 0.46 0.49
Employment 0.70 0.34 0.49
Hours per worker 0.31 0.16 0.50
Total factor productivity (input) 0.90 0.45 0.50

L All data are in logs and flltered using the H-P fllter with the smoothing parameter of 1600.
2 SD% for 1955:3-1983:4 divided by SD% for 1984:1-2003:2.

3 Replicated from Arias et al. (2006).

4 Household survey data.
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9 Conclusion

| extend the standard real business cycle model by incorporating labor market search and match-
ing and incomplete markets. | fnd that the model, under the standard calibration, can replicate
a high volatility of unemployment and vacancies, together with business cycle properties of
macroeconomic aggregates and various labor market variables. The current model shows an
improvement over the previous models that extend the standard real business cycle model by
incorporating labor market search and matching especially in generating the observed volatility
of unemployment and vacancies. The success of the current model over the previous models is
parallel to the success of the calibration proposed by Hagedorn and Manovskii (2005) compared
with the calibration proposed by Shimer (2005).

I show that having utility from leisure is crucial in having a strong ampliflcation mechanism to
generate a high volatility of unemployment and vacancies with a reasonable level of replacement
ratio. Moreover, the strong amplification mechanism of the baseline model is sensitive to a change
in market structure and the utility from leisure. When agents are not allowed to self-insure by
saving or when utility from leisure is turned ofi, the baseline model loses the ampliflcation
mechanism to a substantial extent.

| also fnd that the baseline model does a great job in replicating various dimensions of the
U.S. business cycles, in particular, those related to the labor market dynamics. Regarding
consumption and investment, | find that the cyclical properties of the baseline model are similar
to those of the standard real business cycle model. This implies that agents in the model, even
though markets are incomplete and the only means of insurance is self-insurance, insure against
uninsured unemployment shocks very well so that the incomplete market model behaves like the
complete market counterpart at the aggregate level.

The model developed in the current paper can be extended in a variety of ways. Variants of the
baseline model can be used to analyze welfare and macroeconomic consequences of changes in
policy related to the labor market, since the current model is richer in capturing labor market
dynamics. For example, the baseline model can be used to evaluate the efiects of difierent tax
policies on the labor market. Another interesting extension is to introduce richer heterogeneity
across workers, for example, in the form of difierences in educational attainment or shocks to
individual labor productivity. The extended model can be used to measure the heterogeneous
efiect of the welfare cost of business cycles for agents with difierent education levels, difierent
productivity levels and difierent employment histories.
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Appendix A Details of Computation

A.1 Approximate Equilibrium

Following the insight by Krusell and Smith (1998), the type distribution of workers, X, is repre-
sented by a set of its statistics 8. The smallest set of statistics that represent x and are su—cient
to compute all the prices necessary to solve the problems of workers and flrms consists of two
statistics: (i) aggregate capital stock held by workers A, and (ii) total measure of employed
workers N. | use this smallest set of statistics to represent x. Formally:

E=(A'N) (45)

This approximation makes it possible to store the functions of x in a computer, by replacing an
inflnitely dimensional object x with a flnite set of statistics 8. As will be shown below, using
(A; N) is su—cient to obtain a good approximation of the true equilibrium we are interested in.

Notice that, as usual, there is a trade-ofi between precision and computational time. Naturally,
it is better to use more statistics associated with x to improve the precision of the approximation.
Intuitively, if agents are allowed to use more information about X, the decisions of agents would
be closer to the decisions in the true equilibrium where agents can use x in making decisions. On
the other hand, it takes more time to solve the model when more statistics are used to represent
X. My choice of 8 = (A; N) is based on the fact that it takes a long time to solve the model even
if a smallest set of statistics is used.

The AR(1) process for the technology shock z is approximated with a flrst order Markov process
using the approximation method developed by Tauchen (1986). Five abscissas are used for the
baseline model economy. Increasing the number of abscissas from flve does not change the cyclical
properties of the model economy signiflcantly. And the computational time is already very long
even with flve abscissas.

Using the aggregate state variables (z;®) = (z;A;N), the workers’ value function, and the
optimal decision rules are W (z; &; e; a), 0a(z; ®;e;a), 9.(z; B; e;a), and g-(z; B; e; a), respectively.
The value function for the representative flrm is J(z; g;e).

To solve the workers’ problem, we need to have forecasting functions for aggregate capital in the
next period, A'(z; &), number of vacancies, V (z; ), bargaining outcome, w(z; &), and aggregate
labor supply L(z;®). With these forecasting functions, and the aggregate state variables, we
can compute all the prices needed to solve the workers’ problem. In addition, the forecasting
functions give the law of motion of & as follows:

(A;N") = f(z;8) = (A'(z; B);N + Fro(L i N+ ,N;V (z;%8) i ,N) (46)

Note that | assume that f,(S;V) = min(f(S;V);S;V). This is satisfled with the way the
model is calibrated.

The deflnition of the recursive equilibrium with partial information can be constructed by re-
placing x with & in the deflnition of the original equilibrium.
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A.2 Data Structure

The value function of workers W (z; &; e; a) is interpolated in the dimension of continuous states
(®;a). For g = (A;N), polynomial interpolation is used for each of A and N. Regarding a,
the shape-preserving spline interpolation developed by Schumaker (1983) is used. The optimal
decision rules of workers g.(z; ®;e;a), 0a(z;®;e;a), and g-(z;®;e;a) are interpolated as well.
Polynomial interpolation and piecewise-linear interpolation are used in the dimensions of g and
a, respectively. The value of the representative flrm J(z; ®;e) is interpolated with polynomial
interpolation with respect to g.

The forecasting functions for aggregate capital stock in the next period, A’(z;®), number of
vacancy postings, V (z; g), bargaining outcome, w(z; g), and aggregate labor supply, L(z;®) are
parameterized using the following log-linear forms:

A'(z;r) = 7% + "2 log(A) + ~5?log(N) (47)
V(z;®) =%+ "/ log(A) + ~J%log(N) (48)
w(z; ®) = ~3° + "} log(A) + 3% log(N) (49)
L(z;®) = ~1%+ "Ltlog(A) + ~1? log(N) (50)

For ease of notation, the set of all the coe—cients associated with the four forecasting functions
deflned above is denoted as .

Finally, the type distribution of workers is expressed by a density function x(e;a). Piecewise-
linear approximation is used with respect to the dimension of a. For more details, see Rfos-Rull
(1999).

A.3 Algorithm

The following algorithm, which is based on Krusell and Smith (1998), is used to solve the model.
For the initial condition for the value function of workers and flrms, those obtained from the
steady state economy are used.

1. Set a guess for the coe—cients of forecasting function = .

2. Given ", solve the workers’ optimization problem. This step includes the following sub-
steps:

(a) Set a guess for workers’ value function Wy(z; g; e; a).

(b) Given the future value Wy(z; 8; e;a) and forecasting functions with coe—cients ",
update the value function using workers’ Bellman equation. Denote the updated value
function W, (z; g; e; a). In finding the optimal decisions, flrst order conditions are used.
A great beneflt of using a flnite element method with polynomials is that it is costless
to compute the derivative of the approximated function. In the current case, since the
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value function is approximated using Schumaker’s (1983) shape-preserving spline, the
derivative of the value function is obtained with almost zero cost in computation time.
In addition, the shape-preserving spline preserves the monotonicity of the derivative
of the value function, which makes the algorithm to flnd the optimal decision very
stable.

(c) Compute a distance between Wy(z; &; e;a) and W,(z; ®; e; a) using some norm (sup-
norm is used).

(d) If the distance is smaller than the predetermined tolerance level, this stage is done.
Otherwise, update the value function using Wy(z; &; e;a) = W1(z; &; e; a) and go back
to step (b).

(e) To speed up the iteration procedure, | use the policy iteration algorithm of Howard

(1960). Howard’s algorithm is easily used as we implement the value function iteration
algorithm.

3. Given ", solve the representative flrm’s optimization problem. This step includes the
following sub-steps.

(a) Set a guess for the representative flrm’s value function Jo(z; &; e).

(b) Given the future value Jo(z; ®;€) and forecasting functions with coe—cients g, up-
date the value function using the representative flrm’s Bellman equation. Denote the
updated value function J,(z; g; e).

(¢) Compute a distance between Jo(z; ®;€) and J,(z; &; e) using some norm (sup-norm is
used).

(d) If the distance is smaller than the predetermined tolerance level, this stage is done.
Otherwise, update the value function using Jo(z; ®; e) = J;1(z; B; ) and go back to step

(b).

4. Using the optimal decision rules and the value functions obtained from the previous steps,
run a simulation of 1100 periods. This step involves the following sub-steps:

(@) Draw a sequence fz,gi2%.

(b) Set t = 0. Set an initial distribution of workers x¢(e;a). The stationary distribution
of the steady state version of the model is used as the initial x((e; a).

(c) Compute aggregate statistics (A¢; N¢) associated with x.(e; a).

(d) Using the optimal decision rules already obtained in step 2 and the forecasting func-
tions with coe—cients "o, compute the aggregate labor supply L and the aggregate
capital stock in the next period A¢+;.

(e) Compute the number of vacancies V; using the representative flrm’s value function
obtained in step 3 and the zero proflt condition.

(f) Compute the proflt sharing rule wy using the value of the representative worker and
the representative flrm.
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(g) Update the type distribution to obtain X1 (€; a).
(h) If t = 1100, stop. Otherwise, set t =t+ 1 and go back to step (c).

5. The simulation generates an artiflcial time series of fA¢; Ny; Ve; wy; Ligiz. Drop the flrst
100 periods. Use an OLS regression to obtain the set of coe—cients " that best flt the
simulated time series.

6. Compute a distance between "y and "; using some norm (sup-norm is used).

7. If the distance is smaller than the predetermined tolerance level, the iteration is done.
Otherwise, update * and go back to step 2. In updating *, a conservative updating turns
out to be beneficial for the stable implementation of the algorithm. For example, the
coe—cients for the forecasting function associated with A are updated as follows, with an
updating parameter ” 2 (0;1]. The smaller ” is, the more conservative and thus more
stable it is in updating, with more computational time as a cost.

B = (L) 6D
hew =" 2o+ @i ) (52)
\/ZA;ZneW - 11‘2% + (1 i 77 \ZAj_ (53)

8. Once the equilibrium * is obtained, business cycle statistics of interest can be computed.
This step involves the following sub-steps:
(@) Draw a sequence of fz,gi1%.
(b) Set Xxq(e; a).
(c) Using Xxo(e;a), fz,gi2%, and the equilibrium *, run a simulation of 1100 periods.

(d) Drop the flrst 100 periods. Using the artiflcial time series, compute business cycle
statistics of interest.

(e) Repeat the steps (a)-(d) for many times, with difierent realizations of fz,gi%’. Com-
pute the mean of the statistics of interest to eliminate sampling error.

A.4 Accuracy

One way to measure the accuracy of the approximated equilibrium is to measure the size of the
regression error. If the regression error is large, the approximated forecasting function should
be improved by either using more exible functional form or expanding the set of statistics that
represent the type distribution. Table 11 summarizes two measures of flt (adjusted R? and
standard errors) from the baseline model economy.
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Table 11: Measures of flt: baseline model economy

Regressand z abscissa  Adjusted R? Standard error (%)

A 1 0.9999994 0.00174
A 2 0.9999995 0.00158
A 3 0.9999995 0.00130
Al 4 0.9999996 0.00109
Al 5 0.9999996 0.00119
\Y 1 0.9990196 0.26451
\% 2 0.9989218 0.25220
\% 3 0.9988816 0.20370
\% 4 0.9992322 0.14034
V 5 0.9993512 0.12705
w 1 0.9810171 0.02783
W 2 0.9763834 0.02708
W 3 0.9747930 0.02513
W 4 0.9718815 0.02286
w 5 0.9767984 0.02054
L 1 0.9978578 0.00822
L 2 0.9982236 0.00821
L 3 0.9979106 0.00724
L 4 0.9982326 0.00596
L 5 0.9984483 0.00625
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